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DEFORMATION RINGS AND HECKE ALGEBRAS IN THE TOTALLY
REAL CASE
KAZUHIRO FUJIWARA
Abstract. In this paper, the ℓ-adic Hecke algebras of GL2 over totally real fields are
studied. In particular we show that they are identified with deformation rings of mod ℓ
Galois representations in important cases, assuming that the representation is absolutely
irreducible.
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0. Introduction
One of the basic questions in number theory is to determine semi-simple ℓ-adic represen-
tations of the absolute Galois group of a number field F . In case of abelian representations,
a satisfactory answer is known for compatible system of ℓ-adic representations, and these
types of abelian representations are obtained from algebraic Hecke characters. In this pa-
per, we discuss the question for two dimensional representations over a totally real number
field.
For a totally real field F , let GF = Gal(F¯ /F ) be the absolute Galois group, and IF,∞ =
{ι : F →֒ R} be the set of the infinite places of F . We take a pair (k,w) of integral vector
k = (kι)ι∈IF,∞ ∈ ZIF,∞ and an integer w ∈ Z called discrete infinity type (cf. Definition
4.1). For a cuspidal representation π of GL2(AF ), we assume that the infinity part π∞ is
isomorphic to
⊗
ι∈IF,∞
Dkι,w. Here Dkι,w is an essentially square integrable representation
of GL2(R) (see Conventions for our normalization). These types of cuspidal representations
are generated by holomorphic Hilbert modular forms.
Fix a prime ℓ, and an isomorphism C ≃ Q¯ℓ by the axiom of choice. It is known that the
finite part πf of π as above is defined over some ℓ-adic field Eλ with the integer ring oEλ and
the residue field kλ, and there is a two dimensional continuous λ-adic Galois representation
ρπ,Eλ : GF → GL2(oEλ)
associated to π, which is pure of weight w+1 with respect to geometric Frobenius elements,
and detρπ,Eλ · χw+1cycle is a character of finite order (see [33], [6], [50], [46], [3] for F 6= Q).
Here χcycle : GF → Z×ℓ is the cyclotomic character. We call this class of λ-adic representa-
tions modular λ-adic representations. Conjecturally, modular λ-adic representations in our
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sense should cover most motivic and totally odd Galois representations (global Langlands
correspondence). When the ℓ-adic representation ρ is obtained from an elliptic curve E
over F , this conjecture is a generalized form of the Taniyama-Shimura conjecture.
In [51], in case of Q, Wiles has studied the problem of modularity via the deformation
theory of mod ℓ-Galois representations. We take the same approach in this paper. For
a mod ℓ-representation ρ¯ : GF → GL2(kλ) having values in kλ, assume that there is a
cuspidal representation π of GL2(AF ) of infinity type (k,w), and ρ¯ is obtained as the
reduction modulo λ of the associated Galois representation, that is,
ρ¯ ≃ ρπ,Eλ mod λ.
We call ρ¯ modular if this condition is satisfied.
Instead of the global Langlands correspondence itself, we consider the following question,
which asks the stability of the notion of the modularity of λ-adic representations under
perturbation:
Question 0.1. Assume that mod ℓ-representation ρ¯ is modular, and take a λ-adic repre-
sentation ρ which lifts ρ¯. Is ρ modular?
Without any restriction, ρ can not be modular, since ρπ,Eλ is expected to be motivic,
which is known in most cases ([6], [3]). Thus there are strong restrictions on local mon-
odromies of ρ, in particular at the places dividing ℓ.
On the other hand, ρ is seen as an ℓ-adic deformation of ρ¯ from the viewpoint of Mazur
if ρ¯ is irreducible [32]. So one may expect that if the local conditions are imposed appropri-
ately, all reasonable λ-adic deformations of ρ¯ are modular representations. Hida introduced
ordinary ℓ-adic Hecke algebras and constructed Galois representations having values in it
when F = Q [22]. Mazur conjectured these Hecke algebras introduced by Hida are ac-
tually the universal deformation rings which control all deformations with suitable local
monodromy conditions.
In [51], together with [49], it was shown affirmatively that the ℓ-adic Hecke algebra is the
universal deformation ring in the case where F = Q, including some non-ordinary cases (see
[9] for a generalization). Moreover, Wiles applied this result to the modularity of λ-adic
representations, and proved the Taniyama-Shimura conjecture over Q in the semistable
case.
Our main theorem in this article is the following (Theorem 11.1):
Theorem 0.2 (R = T theorem). Let F be a totally real number field of degree d, ρ¯ : GF →
GL2(k) an absolutely irreducible mod ℓ-representation. We fix a deformation type D , and
assume the following conditions.
(1) ℓ ≥ 3, and ρ¯|F (ζℓ) is absolutely irreducible. When ℓ = 5, the following case is
excluded: the projective image G¯ of ρ¯ is isomorphic to PGL2(F5), and the mod ℓ-
cyclotomic character χ¯cycle factors through GF → G¯ab ≃ Z/2 (in particular [F (ζ5) :
F ] = 2).
(2) For v|ℓ, the deformation condition for ρ¯|GFv is either nearly ordinary or flat. When
the condition is nearly ordinary (resp. flat) at v, we assume that ρ¯|GFv is GFv -
distinguished (resp. Fv is absolutely unramified).
(3) There is a minimal modular lifting π of ρ¯ in Definition 6.11.
(4) Hypothesis 6.7 is satisfied.
(5) If D is not minimal, we assume Hypothesis 5.9 when qρ¯ = 1.
Then the universal deformation ring RD of ρ¯ of type D is a complete intersection, and is
isomorphic to the Hecke algebra TD .
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As is already remarked, this is proved in [49], [51], [9] in the case where F = Q (our
method in this paper gives a substantial simplification, which is also due to Diamond [10]).
Theorem 11.1 is a basic tool to study the modularity questions. As in [51], one deduces the
modularity of some 3 and 5-adic representations from the theorem.
As another application of Theorem 11.1, we obtain the finiteness of the Selmer group for
the adjoint representation.
Corollary 0.3. Under the same assumption as in Theorem 11.1, the Selmer group SelD (F, ad ρ)
of ρ = ρπ,Eλ for π appearing in TD is finite.
For other applications of the main theorem, see [16].
Here is the explanation of the conditions of the main theorem.
In (1), the exceptional case when ℓ = 5 does not happen in the application to elliptic
curves (see Proposition 9.8). Even in the exceptional case, Theorem 11.1 holds true by a
slight generalization of our method, which will be discussed on another occasion.
In (2), Fv can be absolutely ramified if the deformation condition is nearly ordinary at
v.
For (3), if one only assumes that ρ¯ is modular, the existence of a minimal lift is satisfied
outside ℓ by [25], [26], [15], and [35]. At places dividing ℓ, the existence is satisfied if the
condition is nearly ordinary. In general, only a partial answer is known.
In (4), Hypothesis 6.7 (local monodromy hypothesis) is satisfied if k = (2, . . . , 2), or the
deformation condition is nearly ordinary at all v|ℓ. So the theorem is applied to Hida’s
nearly ordinary Hecke algebras [24].
As for (5), Hypothesis 5.9 is what is called as “Ihara’s Lemma for Shimura curves”.
Ribet [38] proved it when F = Q and modular curves using a result of Ihara. If one is only
interested in the modularity question, Hypothesis 5.9 can be avoided by choosing a totally
real quadratic extension F ′ of F which depends on ρ¯, and using a base change argument.
We will discuss the local monodromy hypothesis and Ihara’s Lemma for Shimura curves on
another occasion.
Our proof of Theorem 11.1 consists of two basic steps, similarly to the argument in [51].
One first proves the theorem when the deformation condition D is minimal, and reduces
the general case to the minimal case by a level raising argument.
In the minimal case, the problem of showing that RD is equal to TD (R = T theorem, a
generalized form of Mazur’s conjecture) is reduced to the construction of a family of rings
and modules {RQ,MQ}Q∈X with a weak compatibility, which we call a Taylor-Wiles system.
Here an element Q ∈ X of the index set X is a finite set of finite places, and ∅ ∈ X. R∅ =
RD , RQ is a complete noetherian local oEλ-algebra with a surjective map RQ ։ RD , and
MQ is an RQ-module. The axioms of Taylor-Wiles systems and the fundamental theorem
(Theorem 2.3) called the complete intersection-freeness criterion are discussed in §2. R = T
theorem in the minimal case is proved by applying this criterion. A similar observation was
also made independently by Diamond [10]. This is one of the main innovations which made
possible our generalization to totally real fields. In [49], Taylor-Wiles system {RQ,MQ}Q∈X
was constructed for Hecke algebras in case of Q. There RQ is a certain Hecke algebra
TQ dominating TD , and MQ is known to be free over RQ by an application of the q-
expansion principle (the freeness theorem). The freeness of MQ over TQ (which implies the
Gorensteinness of TQ in the modular curve case) goes back to Mazur’s work. Though the
q-expansion principle is also available for Hilbert modular forms, a direct application of the
method used for modular curves seems more difficult, and to show the freeness theorem
and the Gorensteinness of the Hecke algebras in the totally real case, Taylor-Wiles systems
are the most powerful tools at present.
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In our formulation, notice that MQ is not assumed to be free over RQ, but is finite free
over some group ring oEλ[∆Q]. The freeness over a group ring plays an essential role in
showing that a well-chosen limit of RQ is a power series ring, and behaves as if RQ were
smooth rings.
In our general totally real case, a Taylor-Wiles system is constructed for universal defor-
mation rings. A direct use of the universal deformation rings is suggested by an observation
of Faltings ([49], appendix). MQ is constructed from the middle dimensional cohomology
group of some modular variety SQ attached to a quaternion algebra D over F of complex
dimension ≤ 1. SQ is a Shimura curve, or a zero-dimensional variety associated to definite
quaternion algebra whose arithmetic importance was found by Hida [23]. In the latter case,
SQ is not a Shimura variety in the sense of Deligne, which we call a Hida variety. To verify
the axiom TW4, we make use of an argument based on a property of perfect complexes.
The perfect complex argument is extremely useful in the study of congruences. For exam-
ple, if one can control the mod ℓ-cohomology groups except the middle dimension, one may
expect that the argument given in the paper is effective for other modular varieties, and
Taylor-Wiles systems are obtained from the middle dimensional cohomology groups.
After the construction of a Taylor-Wiles system, we deduce R = T theorem and the
complete intersection property of the Hecke algebra in the minimal case at the same time
by the complete intersection-freeness criterion. In particular we prove that the minimal
Hecke algebra is a complete intersection without knowing a priori the freeness nor the
Gorenstein property. Moreover, the freeness of the middle dimensional cohomology also
follows as a consequence (Theorem 11.1).
Theorem 0.4 (Freeness theorem). Under the same assumption as in R = T theorem,
Mφ =MD is a free TD -module.
For general deformation type D , the three properties
• R = T ,
• the local complete intersection property of TD ,
• the freeness theorem
are proved inductively from the minimal case at the same time by calculating cohomological
congruence modules in the sense of Ribet [38]. Hypothesis 5.9 is needed in this calculation.
The level raising formalism is given in §2 (one may also use results of Diamond [10]). Since
we do not know the Gorenstein property of TD in advance, to deduce R = T , we use
Lenstra’s criterion [31] instead of Wiles’ criterion [51]. The argument of the freeness given
in §2 is due to T. Saito.
Throughout this paper, we make a systematic use of the homological algebra on Shimura
varieties. Some foundational results are treated as general as possible for the applications
in future including absolutely reducible representations.
This paper is organized as follows.
In §2, a formulation and a generalization of a beautiful argument in [49] is given. The
notion of Taylor-Wiles systems is introduced. Our formulation is influenced by an argu-
ment of Faltings ([49], appendix). As is remarked already, a similar observation was made
independently by Diamond [10]. We also give a formulation of the level raising argument.
In §3, we discuss deformations of local and global Galois deformations. We include the
case treated by Diamond [9], though we make some modifications using Ge´radin’s result
[19].
In §4, basic results on modular varieties are discussed. In particular we treat general
coefficient sheaves. The duality formalism is needed in the later sections.
6 KAZUHIRO FUJIWARA
In §5, the universal exactness of cohomological sequences is formulated and studied. The
universal exactness (Ihara’s Lemma) is proved for definite quaternion algebras except a
class of absolutely reducible representations which is called of residual type.
In §6, nearly ordinary automorphic representations are discussed. We formulate a prop-
erty on local monodromies of Galois representations attached to such representations as
Local monodromy hypothesis (Hypothesis 6.7). The hypothesis is known to hold in many
cases.
In §7, we construct and study a Hecke algebra TD and a Galois representation ρmodD
having values in GL2(TD ) for deformation type D of ρ¯ using the irreducibility of ρ¯. For the
construction of ρmod
D
, one applies the method of pseudo-representation of Wiles, and reduces
it to the existence of λ-adic representation ρπ,Eλ attached to a cuspidal representation π.
ρmod
D
is seen as the universal modular deformation of ρ¯. To have a ring homomorphism
πD : RD → TD from the universal deformation ring, one needs to check the local property
of ρmod
D
at all places. The necessary information at v ∤ ℓ follows from the following fact:
the global Langlands correspondence π 7→ ρπ,Eλ is compatible with the local Langlands
correspondence [29]. This compatibility is shown in [6], [51], [46]. For places dividing ℓ, the
situation is much subtle. If the deformation condition is flat, we prove it by an arithmetic
geometric analysis of Shimura curves using [5] if the quaternion algebra D is indefinite.
If D is definite, one can not treat it directly, and we use the approximation method of
Taylor [46] , [47]. The claim is reduced to the case of Shimura curves associated with some
indefinite and ramified quaternion algebras.
In §8, we construct a Taylor-Wiles system from universal deformation rings and coho-
mology of modular varieties of complex dimension ≤ 1 as is remarked already. We do not
use arithmetic geometrical properties of these “modular varieties”.
In §9, we combine the results obtained in the previous sections, and deduce the main
theorem in the minimal case. The deformation rings are controlled by Galois cohomology
groups.
In §10, the calculation of cohomological congruence modules is done as in [51], §2.
In §11, we summarize the previous results, and the main theorem is proved.
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1. Conventions
For a field F , GF = Gal(F¯ /F ) means the absolute Galois group. For a prime ℓ, we denote
the group of ℓ-power roots of unit by µℓ∞(F ). Let χcycle : GF → Z×ℓ be the cyclotomic
character of F , χcycle = χ
ℓ
cycle · χcycle,ℓ the decomposition into prime-to ℓ and pro-ℓ-part.
We denote χℓcycle by ωF .
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For a non-archimedean local field F , the ring of the integers of F is denoted by oF ,
with the maximal ideal mF and the residue field kF . A uniformizer of F is denoted by
pF . WF ⊂ GF the Weil group of F , IF ⊂ GF the inertia subgroup of GF . W ′F is the
Weil-Deligne group of F .
For a non-zero ideal I of oF , subgroups K11(I) ⊂ K1(I) ⊂ K0(I) of GL2(oF ) are defined
by
K11(I) = {g ∈ GL2(oF ), g ≡
(
1 ∗
0 1
)
mod I},
K1(I) = {g ∈ GL2(oF ), g ≡
(
1 ∗
0 ∗
)
mod I},
K0(I) = {g ∈ GL2(oF ), g ≡
( ∗ ∗
0 ∗
)
mod I}.
By the local class field theory, W abF ≃ F×, where a uniformizer pF corresponds to a
geometric Frobenius element of W abF .
The local Langlands correspondence for GL2,F is a bijection between the isomorphism
classes of F -semisimple representation ρ of the Weil-Deligne groupW ′F and the isomorphism
classes of admissible irreducible representation π of GL2(F ) [29].
When F is a global field, the set of all places (resp. finite places) is denoted by |F |
(resp. |F |f ) . For a place v of F , Fv means the local field at v. If v is a finite place, the
ring integers of Fv is denoted by oFv , with the maximal ideal mFv , and a uniformizer pv.
k(v) = oFv/mFv the residue field, qv its cardinality.
For a finite set of finite places Σ, GΣ = π
e´t
1 (Spec oF \ Σ) is the Galois group of the
maximal Galois extension of F which is unramified outside Σ.
AF is the ade´le ring of F , AF,f is the ring of finite adeles, and AF,∞ is the infinite part
of AF . For a reductive group G over F , a compact open subgroup K of the adelic group
G(AF,f ) is factorizable if K =
∏
vKv, Kv ⊂ G(Fv). In this case, for a finite set of places
Σ,
KΣ =
∏
v∈Σ
Kv, K
Σ =
∏
v 6∈Σ
Kv.
K = KΣ ·KΣ.
For a non-zero ideal I of oF , we define compact open subgroups of GL2(AF,f ) by
K(I) = {g ∈ GL2(
∏
v∈|F |f
oFv), g ≡ 1 mod I},
K11(I) = {g ∈ GL2(
∏
v∈|F |f
oFv), g ≡
(
1 ∗
0 1
)
mod I},
K1(I) = {g ∈ GL2(
∏
v∈|F |f
oFv), g ≡
(
1 ∗
0 ∗
)
mod I},
K0(I) = {g ∈ GL2(
∏
v∈|F |f
oFv), g ≡
( ∗ ∗
0 ∗
)
mod I}.
For a non-archimedian local field F , let B(F ) be the standard Borel subgroup of GL2(F )
consisting of the upper triangular matrices. For two quasi-characters χi : F
× → C×
(i = 1, 2) χ : B(F )→ C× is defined by χ(
(
a b
0 d
)
) = χ1(a)χ2(d).
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The non-unitary induction π(χ1, χ2) = Ind
G(F )
B(F )χ is given by
Ind
G(F )
B(F )χ = {f : GL2(F )→ C, f(
(
a b
0 d
)
g) = χ1(a)χ2(d)|a|f(g)}.
For a prime ℓ, we fix an isomorphism C ≃ Q¯ℓ by the axiom of choice.
Let F be a totally real field. For an infinity type (k,w) (see Definition 4.1), which satisfies
kι ≡ w mod 2 for ι ∈ IF,∞, k′ ∈ ZIF,∞ is defined by the formula
k + 2k′ = (w + 2) · (1, . . . , 1).
For a cupspidal representation π of GL2(AF ) of discrete infinity type (k,w) such that
πf is defined over an ℓ-adic field Eλ, ρπ,Eλ : GF → GL2(Eλ) is the associated λ-adic
representation. For a finite place v ∤ ℓ such that the v-component πv is spherical, a geometric
Frobenius element Frv satisfies
traceρπ,Eλ(Frv) = αv + βv
where (αv , βv) is the Satake parameter of πv seen as a semi-simple conjugacy class in
dual group GL∨2 (Q¯ℓ), and πv is a constituant of non-unitary induction Ind
G(Fv)
B(Fv)
χαv,βv .
Here χαv,βv : B(Fv) → Q¯×ℓ is the unramified character defined by χαv,βv(
(
a b
0 d
)
=
αordvav β
ordvd
v .
At infinite places, the GL2(R)-representation Dk,w corresponds to the unitary induced
representation
Ind
G(R)
B(R)(µk,w, νk,w)u
for two characters of the split maximal torus
µk,w(a) = |a|
1
2
−k′(sgn a)−w
νk,w(d) = |d|
1
2
−w+k′
for k′ satisfying k− 2+ 2k′ = w. This normalization, which is the | · |
1
2
v -twist of the unitary
normalization, has the merit that it preserves the field of definition. The central character
of π corresponds to detρπ,Eλ(1). Our normalization is basically the same as that in [6],
except one point. In [6], an arithmetic Frobenius element corresponds to a uniformizer.
The global correspondence π 7→ ρπ,Eλ is compatible with the local Langlands correspon-
dence for v ∤ ℓ ([6] the´ore`me (A), see [50], [46] theorem 2 for the missing even degree cases),
namely, if we take the F -semisimplification of ρπ,λ|GFv , this corresponds to πv by the local
Langlands correspondence normalized as above.
2. Taylor-Wiles systems
We present an abstract formulation of the argument of Taylor and Wiles [49]. Our proof
is influenced by an argument of Faltings on their work ([49], Appendix). A similar method
was found by Diamond independently [10].
2.1. Definition of Taylor-Wiles systems. For a global field F , let |F |f be the set of
finite places of F , and for v ∈ |F |f , qv means the cardinality of the residue field k(v) at v.
Let oλ be a complete noetherian local algebra with the maximal ideal mλ. We assume
that the residue field kλ = oλ/mλ is a finite field of characteristic ℓ.
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Definition 2.1. Let H be a torus over F of dimension d, X a set of finite subsets of |F |f
which contains ∅. We take a pair (R,M), where R is a complete noetherian local oλ-algebra
with the residue field kλ, and M is a finitely generated R-module.
A Taylor-Wiles system {RQ,MQ}Q∈X for (R,M) consists of the following data:
TW1: For Q ∈ X and v ∈ Q, H is split at v, and qv ≡ 1 mod ℓ. We denote by ∆v the
ℓ-Sylow subgroup of H(k(v)), and ∆Q is defined as
∏
v∈Q∆v for Q ∈ X.
TW2: For Q ∈ X, RQ is a complete noetherian local oλ[∆Q]-algebra with the residue field
kλ, and MQ is an RQ-module. For Q = ∅, (R∅,M∅) = (R,M).
TW3: A surjection
RQ/IQRQ ։ R
of local oλ-algebras for each Q ∈ X. Here IQ ⊂ oλ[∆Q] denotes the augmentation
ideal of oλ[∆Q]. For Q = ∅, it is the identity of R.
TW4: The homomorphism RQ/IQRQ → EndoλMQ/IQMQ factors through R, andMQ/IQMQ
is isomorphic to M as an R-module.
TW5: MQ is free of finite rank α as an oλ[∆Q]-module for a fixed integer α ≥ 1.
In [49], the conditions that RQ is Gorenstein and MQ is a free RQ-module are required.
Unlike Kolyvagin’s Euler systems, we do not impose a functoriality when the index set
grows.
Definition 2.2. Let {RQ,MQ}Q∈X be a Taylor-Wiles system for (R,M) with the coeffi-
ient ring oλ, oλ → o′λ′ a local homomophism between complete noetherian local rings with
finite residue fields. Then the scalar extension {RQ,o′
λ′
,MQ,o′
λ′
}Q∈X of {RQ,MQ}Q∈X is
defined by RQ,o′
λ′
= RQ⊗ˆoλo′λ′ , MQ,o′λ′ = MQ ⊗oλ o
′
λ′ . This is a system for (Ro′λ′
,Mo′
λ′
) =
(R⊗ˆoλo′λ′ ,M ⊗oλ o′λ′).
2.2. Complete intersection-freeness criterion.
Theorem 2.3. [Complete intersection and freeness criterion] For a Taylor-Wiles system
{RQ,MQ}Q∈X for (R,M) and a torus H of dimension d, assume the following conditions.
(1) For any integer n ∈ N, the subset Xn of X defined by
Xn = {Q ∈ X; v ∈ Q⇒ qv ≡ 1 mod ℓn}.
is an infinite set.
(2) r = ♯Q is independent of Q ∈ X if Q 6= ∅.
(3) RQ is generated by at most dr many elements as a complete local oλ-algebra for all
Q ∈ X.
Then under (1)-(3),
• R is oλ-flat and of relative complete intersection of dimension zero.
• M is a free R-module.
In particular R is isomorphic to the image T in EndoλM .
Proof of Theorem 2.3. First we treat the case when oλ is a regular local ring. We choose
the following data for each element Q ∈ X \ {∅}:
• An isomorphism
αQ : ∆Q
∼−→
⊕
v∈Q
(Z/ℓn(v)Z)⊕d
as finite abelian groups. Here ℓn(v) is the order of the ℓ-Sylow subgroup of k(v)×.
• An isomorphism
βQ : MQ
∼−→ (oλ[∆Q])α
as oλ[∆Q]-modules.
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• A surjection γQ : oλ[[T1, .., Tdr]]։ RQ as complete local oλ-algebras.
The existence of βQ and γQ is assured by TW5 and 2.3, (3).
By the assumption (1), Xn is an infinite set.
For Γ = Z⊕drℓ , let S∞ be the complete group ring oλ[[Γ]], and I∞ the augmentation ideal.
For an element Q ∈ Xn, where Xn is defined in 2.3 (1), αQ induces an isomorphism
∆Q/ℓ
n∆Q
∼→ Γ/ℓnΓ of abelian groups, so the oλ-algebra isomorphism
ǫQ,n : oλ[∆Q]/JQ,n
∼−→ Sn
is induced. Here JQ,n is the ideal of oλ[∆Q] generated by m
n
λ and δ
ℓn − 1 for δ ∈ ∆Q,
Sn = (oλ/m
n
λ)[Γ/ℓ
nΓ], which is viewed as a quotient of S∞. In = I∞Sn is the augmentation
ideal of Sn as the group ring of Γ/ℓ
nΓ over oλ/m
n
λ.
βQ and ǫQ,n induce an isomorphism
MQ/JQ,nMQ
∼−→ Sαn
as Sn-modules. RQ,n is defined as the image of RQ/JQ,nRQ in EndSn(MQ/JQ,nMQ)
∼→
EndSnS
α
n , which is viewed as an Sn-algebra by ǫQ,n.
Now we apply the method of Taylor and Wiles to construct a projective system which
approximates a power series ring. For an integer n ∈ N and Q ∈ Xn, we consider the couple
((RQ,n, ιQ,n), pQ,n) defined as follows:
(∗) RQ,n is a finite Sn-algebra with a faithful action on Sαn by ιQ,n : RQ,n →֒ EndSnSαn .
(∗∗) pQ,n : oλ[[T1 . . . , Tdr]] ։ RQ,n is the surjective homomorphism oλ[[T1 . . . , Tdr]]
γQ→
RQ → RQ,n as local oλ-algebras.
The isomorphism classes of the couples ((RQ,n, ιQ,n), pQ,n) are finite as Q varies in Xn,
since the cardinality of RQ,n is bounded. Thus there is a sequence {Q(n)}n∈N which satisfies
the following properties:
• Q(n) is an element of Xn.
• Form ≤ n, ((RQ(n),m, ιQ(n),m), pQ(n),m) is isomorphic to ((RQ(m),m, ιQ(m),m), pQ(m),m).
For the sequence {Q(n)}n∈N thus obtained, ((RQ(n),n, ιQ(n),n), pQ(n),n)n∈N forms a projective
system. The transition map
RQ(n+1),n+1 −→ RQ(n+1),n ≃ RQ(n),n
is surjective for any n ∈ N, since RQ(n+1),n is a quotient of RQ(n+1),n+1 ⊗Sn+1 Sn.
By taking the projective limit, we define
P = lim←−
n
RQ(n),n,
which has a structure of S∞-algebra. By (∗∗), there is a surjection oλ[[T1, .., Tdr ]]։ P . By
the definition, P has a faithful non-zero module
L = lim←−
n
Sn
⊕α ≃ lim←−
n
MQ(n)/JQ(n),nMQ(n),
which is S∞-free and finitely generated over S∞.
Lemma 2.4. For the oλ-algebra P and the P -module L thus defined, the following holds:
(1) The local oλ-homomorphism oλ[[T1, .., Tdr ]]։ P is an isomorphism.
(2) P is S∞-flat.
(3) L is a non-zero free P -module.
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Proof of Lemma 2.4. We prove (1). The oλ-algebra homomorphism S∞ → P is injective
since any element in the kernel must annihilate a non-zero free S∞-module L. Since P is an
S∞-subalgebra of EndS∞L, P is a finite S∞-algebra. It follows that dimP = dr + dim oλ,
and the surjection oλ[[T1, .., Tdr ]]։ P must be an isomorphism.
Since P is regular and finite over S∞, (2) follows from [18], Chap. IV, proposition 6.1.5.
L is finitely generated and flat as an S∞-module. Then L is a finitely generated P -
module, and P -free by the following sublemma.
Sublemma 2.5. Let A, B be regular local rings, and M a finitely generated B-module. If
B is finite flat over A, and M is A-flat, then M is B-flat.
Proof of Sublemma 2.5. By the assumption, depthBM = depthA = depthB. Since the
projective dimension of M is finite, by the Auslander-Buchsbaum formula [17], Chap.0,
proposition 17.3.4, proj.dimBM = depthB−depthBM = 0 and henceM is projective. 

By Lemma 2.4 (2),
R˜ = P/I∞P
is finite flat as an S∞/I∞ = oλ-module.
The ideal I = I∞P of P is generated by dr many elements. This means that ht I ≤ dr.
Since P is catenary, dim R˜ = dimP − ht I ≥ dr + dim oλ − dr = dim oλ. On the other
hand, dim R˜ ≤ dim oλ because R˜ is finitely generated as an oλ-module. Thus we have the
equalities dim R˜ = dim oλ and ht I = dr. This implies that dr is the minimal number of
generators of I, so R˜ is of relative complete intersection over oλ.
By Lemma 2.4 (3), R˜-module L/I∞L is a non-zero free module. L∞/I∞L is naturally
isomorphic to
lim←−
n
MQ(n)/(m
n
λ, IQ(n) )MQ(n) ≃ lim←−
n
M/mnλ =M
by the definition and TW4. Since the pair (R˜,M) has the desired complete intersection-
freeness property, to conclude the proof of Theorem 2.3 when oλ is regular, it is sufficient
to identify R and R˜.
Lemma 2.6. (1) The canonical homomorphism P ⊗S∞ Sn ։ RQ(n),n is an isomor-
phism, and MQ(n),n/JQ(n),nMQ(n),n is a non-zero free P ⊗S∞ Sn-module.
(2) R˜ is a quotient of R.
Proof of Lemma 2.6. L⊗S∞Sn =MQ(n)/JQ(n),nMQ(n) is a free P⊗S∞Sn-module by Lemma
2.4, (3). Since the P ⊗S∞ Sn-action on L⊗S∞ Sn factors through the quotient RQ(n),n, (1)
is shown.
Since MQ(n)/JQ(n),nMQ(n) is RQ(n),n-free by (1),
MQ(n)/JQ(n),nMQ(n) ⊗Sn Sn/In =M/mnλM,
is a free RQ(n),n⊗Sn Sn/In = (P ⊗S∞ Sn)⊗Sn Sn/In = R˜/mnλR˜-module. Thus R˜/mnλR˜ coin-
cides with the image ofRQ(n),n in Endoλ/mnλM/m
n
λM . TheRQ(n)-action onMQ(n)/IQ(n)MQ(n) =
M factors through R by TW4, and hence R˜/mnλR˜ is regarded as a quotient of R. By passing
to the projective limit, (2) is shown. 
Fix an integer N ≥ 1. Since the transition maps in the projective system {RQ(n),n}n∈N
are surjective, there is some integer n ≥ N such that
RQ(n),n/m
N
RQ(n),n
≃ P/mNP ≃ oλ[[T1, .., Tdr ]]/(mλ, T1, .., Tdr)N .
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On the other hand, RQ(n)/m
N
RQ(n)
is a quotient of oλ[[T1, .., Tdr ]]/(mλ, T1, .., Tdr)
N by the
condition 2.3, (3). As RQ(n),n is a quotient of RQ(n), RQ(n)/m
N
RQ(n)
= RQ(n),n/m
N
RQ(n),n
holds.
We define the oλ-algebra R˜Q(n) by R˜Q(n) = RQ(n)/IQ(n)RQ(n). SinceRQ(n),n/IQ(n)RQ(n),n
is isomorphic to R˜/mnλR˜ by Lemma 2.6 (1), it follows that R˜Q(n)/m
N
R˜Q(n)
∼→ R˜/mN
R˜
. The
isomorphism R˜Q(n)/m
N
R˜Q(n)
∼→ R˜/mN
R˜
is factorized as
R˜Q(n)/m
N
R˜Q(n)
։ R/mNR ։ R˜/m
N
R˜
.
This implies that R/mNR
∼→ R˜/mN
R˜
, and hence R
∼→ R˜ by passing to the limit with respect
to N .
We prove the general case. Let k = kλ be the residue field of oλ, and (RQ⊗oλ k,MQ⊗oλ
k)Q∈X the Taylor-Wiles system for (R ⊗oλ k,M ⊗oλ k) obtained by the scalar extension.
Since k is regular, we have shown that R⊗oλ k is a finite k-algebra of complete intersection,
and M ⊗oλ k is R⊗oλ k-free. In particular this implies that R is finite over oλ.
We take an integer β ≥ 1 and a surjective R-homomorphism g : R⊕β ։M which induces
an isomorphism (R/mλR)
⊕β ≃ M/mλM . Let M ′ be the kernel of g, which is finitely
generated as an oλ-module. Since M is oλ-flat, Tor
oλ
1 (M,kλ) = {0}, and the sequence
0 −→M ′ ⊗oλ k −→ (R⊕β)⊗oλ k
g⊗idk−→ M ⊗oλ k −→ 0
is exact. By Nakayama’s lemma, M ′ = {0}, and g is an isomorphism, that is, M is R-free.
By the oλ-flatness of M , R is oλ-flat. Since R is oλ-flat and R ⊗oλ k is of complete
intersection, R is of relative complete intersection over oλ. 
2.3. Hierarchy of complete intersection and freeness. In this subsection, we give a
formulation of a level raising argument of [51].
Let Eλ be an ℓ-adic field, oλ = oEλ the integer ring, mλ the maximal ideal.
Definition 2.7. (1) An admissible quintet is a quintet (R,T, π,M, 〈 , 〉), where R is
a complete noetherian local oλ-algebra, T is a finite flat oλ-algebra, π : R → T is
a surjective oλ-algebra homomorphism, M is a faithful finitely generated T -module
which is oλ-free, and 〈 , 〉 : M ⊗oλ M → oλ is a perfect pairing which induces
M ≃ Homoλ(M,oλ) as a T -module.
(2) An admissible quintet (R,T, π,M, 〈 , 〉) is distingushed if R is of complete intersec-
tion, and M is a non-zero free R-module (it follows that π is an isomorphism).
(3) An admissible morphism from (R′, T ′, π′,M ′, 〈 , 〉′) to (R,T, π,M, 〈 , 〉) is a triple
(α, β, ξ). Here α : R′ → R, β : T ′ → T are surjective oλ-algebra homomorphisms
making the following diagram
R′
α−−−−→ R
π′
y πy
T ′
β−−−−→ T
commutative, and ξ : M →֒M ′ is an injective T ′-homomorphism onto an oλ-direct
summand.
A Taylor-Wiles system gives rise to a distinguished admissible quintet for a suitably
chosen pairing on M under the condition of Theorem 2.3. Note that we do not assume that
the restriction of 〈 , 〉′ to ξ(M) is 〈 , 〉 in the definition of admissible morphisms.
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For an admissible morphism (α, β, ξ) from (R′, T ′, π′,M ′, 〈 , 〉′) to (R,T, π,M, 〈 , 〉), there
is a criterion for (R′, T ′, π′,M ′, 〈 , 〉′) to be a distinguished quintet under the condition that
(R,T, π,M, 〈 , 〉) is distinguished.
For a finitely generated oλ-module L, we denote Homoλ(L, oλ) by L
∨.
By the perfect pairings on M and M ′, we make the identifications M ≃ M∨ and M ′ ≃
(M ′)∨, and ξ∨ is defined as
ξ∨ :M ′
∼−→ (M ′)∨ −→M∨ ∼−→M,
such that
〈 ξ(x), y 〉′ = 〈 x, ξ∨(y) 〉 (∀x ∈M, ∀y ∈M ′)
holds.
For any noetherian local oλ-algebra R with an oλ-algebra homomorphism f : R → oλ,
one attaches a numerical invariant to it, following [31]:
Consider the annihilator AnnR(ker f) of ker f in R. Define an ideal ηf of oλ by
ηf = the image of AnnR(ker f) by f.
When R is a finite flat Gorenstein oλ-algebra, AnnR(ker f) is generated by the image of 1
of the oλ-module homomorphism
oλ
f∨−→ ωR ∼−→ R,
where ωR = R
∨ is the dualizing module of R, and ηf is generated by the image of 1 of
oλ
f∨−→ ωR ∼−→ R −→ oλ.
We fix an oλ-algebra homomorphism fT : T → oλ. fR (resp.fT ′ , resp. f ′R′) is defined as
fT ◦ π (resp. fT ◦ β, resp. fT ◦ β ◦ π′).
Theorem 2.8. (abstract level raising formalism) For an admissible morphism between
admissible quintets (R′, T ′, π′,M ′, 〈 , 〉′) → (R,T, π,M, 〈 , 〉), we assume the following
conditions:
(1) (R,T, π,M, 〈 , 〉) is distinguished.
(2) T and T ′ are reduced, M ′⊗oλEλ is T ′⊗oλEλ-free, and the rank is equal to rankTM .
(3) The equality
ξ∨ ◦ ξ(M) = ∆ ·M
holds for some non-zero divisor ∆ in T .
(4) The inequality
lengthoλ ker fR′/(ker fR′)
2 ≤ lengthoλ ker fR/(ker fR)2 + lengthoλoλ/ fT (∆)oλ
holds.
Then (R′, T ′, π′,M ′, 〈 , 〉′) is also distinguished, that is, π′ : R′ ≃ T ′, R′ is of complete
intersection, and M ′ is T ′-free.
Remark 2.9. The freeness of M ′ follows from theorem 2.4 of [10]. The argument for the
freeness in the following is due to T. Saito.
We will show a slightly stronger statement than Theorem 2.8. The deduction of Theorem
2.8 from Theorem 2.10 is left to the reader.
Theorem 2.10. (Lifting theorem) For an admissible morphism between admissible quintets
(R′, T ′, π′,M ′, 〈 , 〉′)→ (R,T, π,M, 〈 , 〉), we assume the following conditions:
(1) (R,T, π,M, 〈 , 〉) is distinguished.
(2) (M ′/ξ(M))Eλ does not have any non-zero subquotient which is a TEλ-module.
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(3) The equality
ξ∨ ◦ ξ(M) = ∆ ·M
holds for some element ∆ in T .
(4) ηfT 6= {0}, and the inequality
lengthoλ ker fR′/(ker fR′)
2 ≤ lengthoλ ker fR/(ker fR)2 + lengthoλoλ/ fT (∆)oλ
holds.
Then π′ : R′ → T ′ is an isomorphism, R is of complete intersection, and there is a T ′-
free direct summand F ′ of M ′ such that the restriction of 〈 , 〉′ to F ′ is perfect, and
rankT ′F
′ = rankTM holds.
Lemma 2.11. Assume that we are given an admissible morphism (R′, T ′, π′,M ′, 〈 , 〉′)→
(R,T, π,M, 〈 , 〉) which satisfies conditions (1) and (2) of 2.10. If ξ∨ · ξ(M) = ∆ ·M for
some element ∆ in T , then
lengthoλoλ/ηfT ′ ≥ lengthoλoλ/fT (∆)oλ + lengthoλoλ/ηfT
holds.
Proof of Lemma 2.11. First we show that AnnT ′(ker fT ′)M
′ ⊂ ξ(AnnM (ker fT )). Any el-
ement f in ker fT ′ acts as zero on AnnT ′(ker fT ′)M
′, so that AnnT ′(ker fT ′)M
′ admits a
structure of T ′/ ker fT ′ ≃ T/ ker fT -module. Since (M ′/ξ(M))Eλ does not contain any
non-zero TEλ-modules by 2.10 (2), AnnT ′(ker fT ′)M
′ ⊂ ξ(M) because ξ(M) is an oλ-direct
summand of M ′. If we identify AnnT ′(ker fT ′)M
′ as a submodule N of M , any element in
N is annihilated by ker fT , and N is contained in AnnM (ker fT ).
By 2.10 (1), M is T -free, so we have the equality AnnM (ker fT ) = (AnnT ker fT )M . By
applying ξ∨, we obtain ξ∨(AnnT ′(ker fT ′)M
′) ⊂ ξ∨◦ξ((AnnT ker fT )M) = (∆·AnnT ker fT )M .
h : M ′ ⊗fT ′ oλ → M ⊗fT ′ oλ = M ⊗fT oλ is surjective. Since M ⊗fT oλ is non-zero
and oλ-free, we find a surjective oλ-homomorphism g : M ⊗fT oλ ։ L such that L ≃ oλ.
Because oλ is PID, there is an element x of M
′ such that g ◦ h(x⊗fT ′ 1) generates L. The
image of AnnT ′(ker fT ′)x in L is ηfT ′L.
g◦h(AnnT ′(ker fT ′)x⊗fT ′ 1) ⊂ g((∆ ·AnnT ker fT )M⊗fT oλ) = fT (∆) ·ηfT g(M⊗fT oλ) =
fT (∆) · ηfTL. The claim is shown.

Proof of Theorem 2.10 . First we show that R′ is of complete intersection, and π′ : R′ → T ′
is an isomorphism.
Since T is of complete intersection, the equality
lengthoλoλ/ηfT = lengthoλ ker fT /(ker fT )
2
holds by [31].
We show ξ∨Eλ ◦ ξEλ is an isomorphism. By assumption 2.10, (2), the restriction of ξ∨ :
(M ′)∨ → M∨ to (M ′/ξ(M))∨ is zero. So the induced map ξ∨Eλ |ξ(M)Eλ must be surjective.
By compairing the dimension, it is an isomorphism.
In particular ∆ is invertible in TEλ , and fT (∆) 6= 0.
By assumption 2.10, (4) and Lemma 2.11, we have
(∗1) lengthoλ ker fR′/(ker fR′)2 ≤ lengthoλ ker fR/(ker fR)2 + lengthoλoλ/ fT (∆)oλ
≤ lengthoλoλ/ηfT ′ .
Then the claim follows from the isomorphism criterion of Lenstra [31].
As a consequence, we have the equality
(∗2) lengthoλoλ/ηfT ′ = lengthoλoλ/ηfT + lengthoλoλ/ fT (∆)oλ,
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since the equality holds in (∗1).
We construct a T ′-free direct summand of M ′. There is a canonical T ′-homomorphism
β∨ : ωT −→ ωT ′
by the duality.
Since T and T ′ are complete intersections, we choose isomorphisms δT : T
∼→ ωT and
δT ′ : T
′ ∼→ ωT ′ as T ′-modules. We define ∆0 by
(∗3) ∆0 : T
δT
∼−→ ωT β
∨
−→ ωT ′
δ−1
T ′
∼−→ T ′ β−→ T.
∆0 is a multiplication by an element δ0 in T since it is a T
′-homomorphism.
By assumption 2.10, (1), M is T -free. Let (ej)j∈J be a basis of M , which yields an
isomorphism e : F = T⊕c
∼→ M . For j ∈ J , we choose an element e˜j of M ′ such that
β(e˜j) = ej . (e˜j)j∈J gives a T
′-homomorphism e′ : F ′ → M ′, where F ′ = T ′⊕c. The
diagram
F ′
β⊕c−−−−→ F
e′
y ey
M ′
ξ−−−−→ M
is commutative.
Let B : F → F ′ be a T ′-homomorphism defined by
B : F
(δT )
⊕c
∼−→ (ωT )⊕c (β
∨)⊕c−→ (ωT ′)⊕c
(δ−1
T ′
)⊕c
∼−→ F ′.
By the definition, the composition F
B→ F ′ β
⊕c
→ F is (∆0)⊕c, and hence it is the multiplica-
tion by δ0.
Consider the T ′-submodule (e′ ◦ B)(F ) of M ′. By assumption 2.10, (2), coker(ξEλ)
does not have any non-zero T ′Eλ-subquotients which are TEλ-modules, which implies that
(e′ ◦ B)(T ) is a T ′-submodule of ξEλ(MEλ). Since ξ(M) is an oλ-direct summand of M ′,
(e′ ◦B)(T ) ⊂ ξ(M), and there is a T ′-homomorphism f : F →M that makes the following
diagram commutative:
(∗4)
F
B−−−−→ F ′ β
⊕c
−−−−→ F
f
y e′y ey
M
ξ−−−−→ M ′ ξ
∨
−−−−→ M.
Since ∆ is a non-zero divisor in T , there is a T -automorphism µ ofM such that ξ∨◦ξ = ∆·µ.
We have
(∗5) e ◦ (β⊕c) ◦B = e ◦ ((∆0)⊕c) = δ0 · e = ξ∨ ◦ ξ ◦ f = ∆ · µ ◦ f.
This implies that (δ0) ⊂ (∆) as ideals of T by evaluating (∗5) at some ei, and
δ0 = α ·∆
for some α ∈ T . We show that α is a unit.
Since T and T ′ are Gorenstein, ηfT and ηfT ′ are generated by the images of 1 by oλ
(fT )
∨
→
ωT
δ−1T
∼→ T fT→ oλ and oλ (fT ′ )
∨
→ ω′T
δ−1
T ′
∼→ T ′ fT ′→ oλ, respectively. By the definition of δ0 (∗3), we
have ηfT ′ = fT (δ0) · ηfT , and hence
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(∗6) lengthoλoλ/ηfT ′ = lengthoλoλ/ηfT + lengthoλoλ/ fT (δ0)oλ
holds. Comparing (∗6) with (∗2), fT (δ0)oλ = fT (∆)oλ. This implies that fT (α) is a unit in
oλ, then α must be a unit in T . Replacing ∆ by α ·∆, we may assume that δ0 = ∆.
From (∗5), f : F →M is an isomorphism since δ0 = ∆. Taking the dual of (∗4), we have
a commutative diagram
F
B−−−−→ F ′ β
⊕c
−−−−→ F
f
y e′y ey
M
ξ−−−−→ M ′ ≃M ′∨ ξ
∨
−−−−→ M ≃M∨
(e′)∨
y f∨y
(F ′)∨
B∨−−−−→ F∨.
By the definition of B, B∨ induces a T -isomorphism F∨ ≃ (F ′)∨ ⊗T ′ T , and is identified
with (F ′)∨ → (F ′)∨ ⊗T ′ T .
Since f∨ and e are isomorphisms and β⊕c is surjective, ((e′)∨ ◦ e′)(F ′)+ I(F ′)∨ = (F ′)∨,
where I = ker(T ′ → T ). By Nakayama’s lemma, ((e′)∨◦e′)(F ′) = (F ′)∨, and hence (e′)∨◦e′
is surjective. Since the surjectivity implies the injectivity for a homomorphism between
finite free modules of the same rank over a commutative ring, (e′)∨ ◦ e′ is an isomorphism,
and e′(F ′) is a T ′-direct summand of M ′. The identification (M ′)∨ = Homoλ(M
′, oλ) ≃M ′
is made by the pairing 〈 , 〉′, and the composition of F ′ e′→ M ′ ∼→ (M ′)∨ (e
′)∨→ (F ′)∨ is an
isomorphism. Thus the restriction of the pairing to F ′ is perfect.

3. Galois deformations
For a prime ℓ and an ℓ-adic field Eλ with the integer ring oEλ , the maximal ideal of oEλ
is denoted as λ, and kλ = oEλ/λ is the residue field. For a perfect field k of characteristic
ℓ, W (k) denotes the Witt ring of k.
In this section, we discuss deformation properties of a Galois representation
ρ¯ : GF −→ GL2(k),
where k is a finite field of characteristic ℓ, in particular when F is a local field.
For a local field F , we denote the integer ring by oF and the residue field by kF . Let p
be the residue characteristic, pF a uniformizer, and q = ♯kF . By GF and IF , we denote the
absolute Galois group of F and the inertia subgroup, respectively.
3.1. Representations outside ℓ. In this subsection, assume that ℓ 6= p. The most basic
classification is whether ρ¯ is absolutely irreducible or absolutely reducible.
In the absolutely irreducible case, there are two subcases:
0E . ρ¯|IF is absolutely irreducible, q ≡ −1 mod ℓ. In this case, ρ¯ is isomorphic to
IndGFGF˜
ψ¯, where F˜ is the degree two unramified extension of F , ψ¯ : GF˜ → k× is a
character which does not extend to GF . We call this case exceptional.
0NE . ρ¯ is absolutely irreducible but not of type 0E .
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In the absolutely reducible case, by extending k if necessary, we may assume that ρ¯ is
reducible over k. There is a character µ¯ : GF → k× such that the twist ρ¯ ⊗ µ¯−1 has the
non-trivial IF -fixed part. There are three subcases:
1SP . For some character µ¯ : GF → k×, (ρ¯ ⊗ µ¯−1)IF is one dimensional, and the semi-
simplification (ρ¯⊗ µ¯−1)ß is unramified.
1PR. For some characters µ¯, µ¯
′, ρ¯ ≃ µ¯⊕ µ¯′, and µ¯′/µ¯ is ramified.
2PR. For some character µ¯, ρ¯⊗ µ¯−1 is unramified.
Note that this classification is stable under a twist by a character ρ¯ 7→ ρ¯⊗ χ¯.
Definition 3.1. Assume that ℓ 6= p. Let ρ¯ : GF → GL2(k) be a Galois representation
where k is a finite field.
(1) For a reducible GF -representation ρ : GF → GL2(k), a character µ¯ : GF → k× is
called a twist character for ρ¯ if (ρ¯⊗ µ¯−1)IF 6= {0}. The restriction κ¯ = µ¯|IF to IF
is called a twist type of ρ¯.
(2) In the case of 0E, assume that ρ¯|GF˜ is reducible over k. A character ψ¯ which appear
as a constituant of ρ¯|GF˜ is called an inertia character of ρ¯. The restriction ψ¯|IF˜ is
called an inertia type of ρ¯.
Since κ¯ extends to a character ofGF , it is identified with a character of theGF -coinvariant
(IabF )GF , which is canonically isomorphic to o
×
F by the local class field theory.
In the cases of 1SP , and 2PR, a twist type κ¯ is unique for a given ρ¯. In the case of 1PR,
there are two choices of twist types. We choose one twist type in this case.
Remark 3.2. (1) The notation “ case Aa” has the following meaning. The number
A is the maximum of dimensions of the IF -fixed part of twists of ρ¯. E (resp.
NE, PR, SP ) means exceptional (resp. non-exceptional, principal series, special).
In the cases of PR and SP , typical situations arise from admissible irreducible
representations of these types by the local Lanlglands correspondence.
(2) For F = Qp (p 6= ℓ), 0NE, 1SP , and 1PR cases belong to case C, A, B of [51],
respectively. 0E-case is treated by Diamond [9].
3.2. Deformations outside ℓ. Let oλ be a complete noetherian local ring with the max-
imal ideal moλ and the finite residue field koλ of characteristic ℓ.
By C noethoλ (resp. C
artin
oλ
), we mean the category of the complete noetherian (resp. ar-
tinian) local oλ-algebras A with the maximal ideal mA such that the residue field kA is
koλ , where morphisms are local oλ-algebra homomorphisms. By a deformation of ρ¯ : GF →
GLn(koλ), we mean a continuous representation
ρ : GF −→ GLn(A)
such that ρ mod mA = ρ¯. Two deformations ρ and ρ
′ of ρ¯ is isomorphic if there is a
GF -isomorphism f : ρ ≃ ρ′ such that f mod mA is the identity. In this paper, the case of
n ≤ 2 is considered.
Definition 3.3. (finite and unrestricted deformations)
(1) A deformation ρ of ρ¯ without any conditions is called an unrestricted deformation.
(2) Assume that ℓ 6= p. Let χ : GF → A× be a deformation of χ¯ : GF → k×oλ. We say χ
is a finite deformation if χ/χ¯lift is unramified. Here χ¯lift is the Teichml¨ler lift of χ¯.
(3) Assume that ℓ 6= p. Let ρ : GF → GL2(A) be a deformation of ρ¯ : GF → GL2(koλ).
We say ρ is a finite deformation if detρ is a finite deformation of detρ¯, and satisfies
one of the following conditions:
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• If ρ¯ is reducible with a twist type κ¯, then the IF -fixed part (ρ|IF ⊗ κ−1)IF is A-
free and is an A-direct summand, and the rank is equal to dimkλ(ρ¯|IF ⊗ κ¯−1)IF .
Here κ = κ¯lift : IF →W (koλ)× →֒ o×λ is the Teichmu¨ller lift of κ¯.
• If ρ¯ is absolutely irreducible and of type 0NE, we only require the condition on
the determinant.
• If ρ¯ is absolutely irreducible and of type 0E of the form ρ¯ = IndGFGF˜ ψ¯, then we
require that ρ|IF˜ is the sum of ψ|IF˜ and its Frobenius twist. Here ψ = ψ¯lift :
GF˜ →W (koλ)× →֒ o×λ is the Teichmu¨ller lift of ψ¯.
By Fuρ¯ : C
noeth
oλ
→ Sets (resp. F fρ¯ : C noethoλ → Sets) we denote the functor defined on
C noethoλ
consisting of the isomorphism classes of the unrestricted deformations (resp. finite
deformations). For a continuous character χ : GF → o×λ , Fuρ¯,χ (resp. F fρ¯,χ) is the subfunctor
of Fuρ¯ (resp. F
f
ρ¯ ) consisting of the deformations whose determinant is χ.
Remark 3.4. Since we do not assume dimkoλ HomGF (ρ, ρ) = 1 in general, these local
deformation functors may not be representable, though the restriction to C artinoλ always
has a versal hull in C noethoλ by [43]. A versal hull represents the deformation functor if
dimkoλ HomGF (ρ, ρ) = 1.
3.3. Tangent spaces outside ℓ. As usual, we set
ad ρ¯ = Homkoλ (ρ¯, ρ¯).
The tangent space Fuρ¯ (koλ [ǫ]) of F
u
ρ¯, is canonically isomorphic to H
1(F, ad ρ¯) as in [32],
which is of finite dimension over koλ by the finiteness of local Galois cohomology groups.
Here koλ [ǫ] is the ring of dual numbers. The trace 0-part ad
0 ρ¯ of ad ρ¯ gives the tangent
space of Fuρ¯,χ consisting of the deformations with the determinant χ. The finite deformations
are controlled by the mod ℓ-version of the finite part of Bloch-Kato [1]. For any GF -module
M with order prime to the residual characteristic, we define the finite part by
H1f (F, M) = H
1(F unr/F, M IF ) = ker(H1(F,M) −→ H1(F unr, M)).
Proposition 3.5. An element x in Fuρ¯ (koλ [ǫ]) corresponds to a finite deformation if and
only if it belongs to H1f (F, ad ρ¯).
Proof of Proposition 3.5. In the cases of 2PR, 0E , and 0NE , this is clear from the definition.
In the case of 1PR, any deformation splits by the vanishing of H
1(F, µ¯/ν¯), so ρ|IF is a
constant deformation.
In the case of 1SP , the IF -action factors through the maximal pro-ℓ quotient tℓ : IF ։
Zℓ(1), so the monodromy group is topologically generated by any element σ ∈ IF so that
tℓ(σ) is a topological generator. We take a basis so that
ρ(σ) =
(
1 1
0 1
)
.
This shows that ρ|IF is constant. 
The calculation of the dimension of tangent spaces is done as follows. First assume that
ρ¯ is absolutely irreducible. Note that the deformation functors are representable in this
case.
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Lemma 3.6. Assume that ρ¯ is absolutely irreducible. Then the finite part H1f (F, ad
0 ρ¯)
always vanishes, and
H1(F, ad0 ρ¯) = {0}
in the case of 0NE . In the case of 0E, H
1(F, ad0 ρ¯) is one dimensional.
Proof of Lemma 3.6. Since ρ¯ is absolutely irreducible, H0(F, ad0 ρ¯) = {0}. By the Euler
characteristic formula
dimkoλ H
1(F, ad0 ρ¯) = dimkoλ H
0(F, ad0 ρ¯) + dimkoλ H
2(F, ad0 ρ¯) = dimkoλ H
2(F, ad0 ρ¯),
and dimkoλ H
2(F, ad0 ρ¯) = dimkoλ H
0(F, ad0 ρ¯(1)) by the local duality. if H0(F, ad0 ρ¯(1)) 6=
{0}, ρ¯ ≃ ρ¯(1), and it is easily seen that ρ¯ is of type 0E and H0(F, ad0 ρ¯(1)) is one dimen-
sional. 
3.4. Local deformation spaces: examples. Let χ : GF → o×λ be an unramified contin-
uous character. In the case of 0E , F
u
ρ¯,χ is representable by remark 3.4.
The universal deformation ring R for Fuρ¯,χ is determined in [9], p.141. We recall the
result.
ρ¯ = IndGFGF˜
ψ¯ for the unramified extension F˜ of F and a character ψ¯ : GF˜ → k×oλ .
Take the Teichmu¨ller lift ψ : GF˜ → W (koλ)× →֒ o×λ of ψ¯. If we consider a deformation
ρ : GF → GL2(A) for a local oEλ-algebra A fixing the determinant, ρ|GF˜ decomposes into
sum of different characters, and for a suitable lift φ of ψ¯, ρ = IndGF
GF˜
φ. ξ = φ/ψ is a
character of GF˜ of ℓ-power order. By the local class field theory ξ is a character of o
×
F˜
of
ℓ-power order.
By the consideration,
Proposition 3.7 (Diamond). R is isomorphic to the group ring oEλ [∆F˜ ]. Here ∆F˜ is the
ℓ-Sylow subgroup of k×
F˜
.
We need one more case where a versal hull is explicitly determined.
Proposition 3.8 (Faltings). Let ρ¯ be an unramified representation with different Frobenius
eigenvalues, and q ≡ 1 mod ℓ. Then the versal hull of Fuρ¯,χ over oλ fixing the determinant
is isomorphic to oλ[[(̂F×)ℓ]]. Here (̂F
×)ℓ is the pro-ℓ-completion of F
×.
This is found in [49], Appendix, p. 569. In fact, one shows that any lifting ρ to an
artinian local oλ-algebra A is decomposable under the assumptions of 3.8. We construct an
isomorphism explicitly for our later needs.
We choose a decomposition ρ¯ = χ¯1⊕χ¯2. χ1, χ2 denote the Teichmu¨ller liftings of χ¯1, χ¯2.
We may assume that ρ takes the form
ρ =
(
χ˜1 0
0 χ˜2
)
for liftings χ˜1, χ˜2 of χ¯1, χ¯2.
δ = χ˜2/χ2 : GF → A× is a character of ℓ-power order. So it factors through GF δ
univ→
oλ[[(̂F×)ℓ]]→ A by the local class field theory. Note that (̂F×)ℓ is isomorphic to Zℓ ×∆F
if we choose a uniformizer of F . Here ∆F is the ℓ-Sylow subgroup of k
×
F .
In these examples, the local deformation space is the group ring of a commutative group.
20 KAZUHIRO FUJIWARA
3.5. Deformations at ℓ: nearly ordinary and flat deformations. In this subsection,
we assume that the residual characteristic p of oF is equal to ℓ.
Definition 3.9. Let A be a complete local noetherian ring with the maximal ideal mA and
the finite residue field kA of characteristic ℓ.
(1) A pair (ρ, µ) of a continuous GF -representation ρ : GF → GL2(A) and a continuous
character µ : GF → A× is called nearly ordinary if ρ is isomorphic to
ρ ∼
(
χ1 ∗
0 χ2
)
,
where χ1 = µ. µ is called the nearly ordinary character for (ρ, µ), and the restriction
κ = µ|IF is called the nearly ordinary type of (ρ, µ).
(2) When A is a field, a reducible representation ρ : GF → GL2(A) is called GF -
distinguished if one of the following conditions holds. ρ is indecomposable, or it is
semi-simple and has two distinct constituants.
By the local class field theory, (IabF )GF ≃ o×F , so a nearly ordinary type is regarded as a
character of o×F .
When a nearly ordinary character is clearly specified, we say ρ is a nearly ordinary
representation with the nearly ordinary character µ for short.
Definition 3.10. For any complete local noetherian ring A with the maximal ideal mA and
the finite residue kA of characteristic ℓ,
(1) We define
H1fl(oF unr , A(1))
def
= lim←−
n
H1fl(oF unr, A/m
n
A(1)) = lim←−
n
o×F unr/(o
×
F unr)
ℓn ⊗Zℓ A,
H1(F unr, A(1))
def
= lim←−
n
H1(F unr, A/mnA(1)) = lim←−
n
(F unr)×/((F unr)×)ℓ
n ⊗Zℓ A.
(2) The exact sequence
1 −→ o×F unr −→ (F unr)× −→ Z −→ 0
induces
0 −→ H1fl(oF unr , A(1)) −→ H1(F unr, A(1))) evA−→ A −→ 0.
We call evA the evaluation map.
H1fl(oF unr, A(1)) (resp. H
1(F unr, A(1)) classifies (pro-systems of) the extensions 0 →
A⊗Zℓ lim←−n µℓn →M → A→ 0 over oF unr (resp. F
unr) with the flat (resp. e´tale) topology.
Definition 3.11. Let A be a complete local noetherian ring with the maximal ideal mA and
the finite residue kA of characteristic ℓ, ρ : GF → GL2(A) a nearly ordinary representation
of the form
0 −→ χ1 −→ ρ −→ χ2 −→ 0,
where χ1 : GF → A× is the nearly ordinary character.
(1) Assume that ρ satisfies χ1|IF = χ2(1)|IF . Then cρ is the extension class in H1(F unr, A(1))
defined by ρ⊗ χ−12 .
(2) A nearly ordinary representation ρ is called nearly ordinary finite if χ1|IF = χ2(1)|IF ,
and if the class cρ belongs to H
1
fl(oF unr, A(1)) ⊂ H1(F unr, A(1)). Equivalently,
evA(cρ) = 0.
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Proposition 3.12. Let Eλ be an ℓ-adic field, A an oEλ-finite flat local algebra, ρ : GF →
GL2(A) a nearly ordinary representation with the nearly ordinary character χ which satisfies
detρ|IF = (χ|IF )2(−1). Assume that there is an ℓ-divisible group M over oF whose Tate
module Tℓ(MF ) satisfies
Tℓ(MF )⊗oEλ Eλ ≃ (ρ⊗ χ
−1(1))⊗oEλ Eλ.
Then ρ is a nearly ordinary finite representation.
Proof of Proposition 3.12. We may assume that χ = 1 by a twisting. Let cρ be the extension
class in H1(F unr, A(1)) which corresponds to ρ|F unr. It suffices to prove evA(cρ) = 0 for
the evaluation map evA in Definition 3.10 (2).
By the nearly ordinariness and the assumption on the determinant of ρ, the generic fiber
MF admits a filtration by an ℓ-divisible subgroup over F
0 −→M1,F −→MF →M2,F −→ 0,
where Tℓ(Mi,F ) are A⊗oEλ Eλ-modules of rank one, and both Tℓ(M1,F (−1)) and Tℓ(M2,F )
are unramified as Galois modules. We view M1,F as the generic fiber of an ℓ-divisible group
of multiplicative type M1. By [45], Proposition 12, there is a morphism i : M1 → M as
ℓ-divisible groups which gives the exact sequence over F as above. This implies that the
multiplicative partMmult ofM satisfies Tℓ(M
mult)F ≃ Tℓ(M1)F . Thus we may assume that
i is a closed immersion as an ℓ-divisible group, and the quotient M2 is e´tale.
The exact sequence of ℓ-divisible groups over oF unr
0 −→M1 −→M −→M2 −→ 0
defines, in the fppf-topology, an element cM of lim←−nH
1
fl(oF unr, HomA(M2[ℓ
n],M1[ℓ
n])) =
H1fl(oF unr , Zℓ(1))⊗Zℓ N . Here N = HomA(Tℓ(M2), Tℓ(M1(−1))). On the other hand, since
for the rank 2-lattice L = A⊕2, the representation ρ(1) is defined, and the subspace L1
where ρ acts by χ1(1) satisfies L1 ⊗oEλ Eλ =M1 ⊗oEλ Eλ. By this identification,
(H1(F unr, Zℓ(1))⊗Zℓ N)⊗oEλ Eλ = H
1(F unr, A(1)) ⊗oEλ Eλ,
and
(H1fl(oF unr , Zℓ(1)) ⊗Zℓ N)⊗oEλ Eλ = H
1
fl(oF unr, A(1)) ⊗oEλ Eλ
hold, and cρ spans the same Eλ-subspace as cM in H
1(F unr, A(1)) ⊗oEλ Eλ. This implies
that evA(cρ) is zero in A⊗oEλ Eλ because cM belongs to H1fl(oF unr, Zℓ(1))⊗Zℓ N . Since A
is ℓ-torsion free, evA(cρ) is zero in A, and hence ρ is nearly ordinary finite. 
Now we introduce deformation functors for nearly ordinary representations.
Definition 3.13. Let oλ be a complete local noetherian ring with the maximal ideal moλ and
the finite residue field koλ of characteristic ℓ. We fix continuous characters κ : (I
ab
F )GF →
o×λ , and χ : GF → o×λ . Let ρ¯ : GF → GL2(koλ) be a GF -distinguished nearly ordinary repre-
sentation whose nearly ordinary type κ¯ is κ mod moλ, and the determinant is χ mod moλ.
(1) We define the functor
Fn.o.ρ¯,κ : C
noeth
oλ
→ Sets
as follows: for each A ∈ obC noethoλ , Fn.o.ρ¯,κ (A) is the set consisting of isomorphism
classes of (ρ, ξ). Here ρ : GF → GL2(A) is a nearly ordinary representation with
the nearly ordinary type κ, ξ : (ρ mod mA) ≃ ρ¯ is an isomorphism as a GF -
representation.
Fn.o.ρ¯,κ,χ denotes the subfunctor of F
n.o.
ρ¯,κ consisting of the deformations whose de-
terminant is χ.
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(2) Assume moreover that ρ¯|IF has a form
0 −→ κ¯ −→ ρ¯ −→ κ¯(−1) −→ 0.
Then
Fn.o.fρ¯,κ : C
noeth
oλ
−→ Sets
is the subfunctor of Fn.o.ρ¯,κ consisting of the nearly ordinary finite deformations.
Fn.o.fρ¯,κ,χ denotes the subfunctor of F
n.o.
ρ¯,κ consisting of the deformations whose de-
terminant is χ.
Let F be a local field of mixed characteristic p. We assume that F is absolutely un-
ramified, and p ≥ 3. We recall basic results on finite flat commutative group schemes over
oF .
For a noetherian scheme S, let GSchffS be the category of commutative finite flat group
schemes over S.
By Raynaud’s result [36], GSchffoF is an abelian category, and the restriction functor
ResGSch
ff |F : GSchffoF −→ GSchffF
is fully-faithful. Since the charateristic of F is zero, all finite flat group schemes over F
are e´tale, and hence are regarded as a commutative finite group with a GF -action. For
G ∈ GSchffoF , we define the associated GF -module DT (G) by
DT (G) = Hom(G(F¯ ),Q/Z).
DT is a cofunctor from GSchffoF to the category of GF -modules GF , which is fully faithful.
The essential image of DT is denoted by G[0,1],F .
For a commutative ring A, an A-action on a finite flat group scheme G over S is a ring
homomorphism A→ EndSG. By GSchffA,S, we denote the category of commutative finite
flat group schemes with an A-action over S.
Let GA[0,1],F be the subcategory of G[0,1],F consisting of GF -modules with an A-aciton.
GA[0,1],F is equivalent to GSch
ff
A,oF .
Assume that A is a commutative ring of characteristic p. The category MFL[0,1],A is defined
as follows. MFL[0,1],A consists of triples D = (F
0(D), F 1(D), ϕ) such that
• F 0(D) is a finite oF ⊗Zp A-module.
• F 1(D) is an oF ⊗Zp A-submodule of F 0(D).
• ϕ is a σ-linear A-isomorphism F 1(D)⊕(F 0(D)/F 1(D)) ≃ F 0(D). Here σ : oF ≃ oF
is the lift of the absolute frobenius of kF .
By [14], there is an equivalence of categories
D : GA[0,1],F ≃MFL[0,1],A.
A quasi-inverse functor of D is denoted by V .
Definition 3.14. We assume that F is absolutely unramified local field of the residual
characteristic p, p ≥ 3. Let A be a complete local noetherian oλ-algebra with a finite residue
field of characteristic p.
(1) A continuous representation ρ : GF → GL2(A) is called flat if there exists a contin-
uous character µ : GF → A× satisfying the following conditions.
• For any integer n ≥ 1, (ρ⊗ µ−1) mod mnA belongs to GF,[0,1].
• det(ρ⊗ µ−1)|IF = χ−1cycle|IF .
We call µ a twist character of ρ, and µ|IF a twist type of ρ.
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(2) Let ρ¯ : GF → GL2(koλ) be a GF -representation, κ : (IF )GF → o×λ a continuous
character.
Fflρ¯,κ : C
noeth
oλ
−→ Sets
is the functor defined as follows: for each A ∈ obC noethoλ , Fflρ¯,κ(A) is the set of
isomorphism classes of flat representations with the twist type κ, equipped with an
isomorphism ρ mod mA ≃ ρ¯. For a continuous character χ : GF → o×λ , Fflρ¯,κ,χ is
the subfunctor of Fflρ¯,κ consisting of the deformations with the determinant χ.
Remark 3.15. (1) Assume that F is absolutely unramified with the residual charac-
teristic p ≥ 3. A nearly ordinary finite representation with a nearly ordinary type
κ is a flat representation with a twist type κ.
(2) For flat deformations, we allow the case when ρ¯ is absolutely reducible (ρ¯ can be
split). This becomes especially important when F 6= Qp.
3.6. Tangent spaces at ℓ. We discuss the nearly ordinary case first. Since we allow
ramifications of F , the tangent space calculation is discussed in detail.
We fix characters κ : (IabF )GF → o×λ , and χ : GF → o×λ . Let ρ¯ : GF → GL2(koλ) be
a nearly ordinary representation whose nearly ordinary type κ¯ and detρ¯ are equal to κ
mod moλ and χ mod moλ respectively. Let G = GL2,kλ as an algebraic group over kλ, Z
the center of G, B the standard Borel subgroup consisting of the upper triangular matrices
in G, U the uniportent radical of B, T = B/U . By koλ [ǫ] we mean the ring of dual numbers.
Let ρ : GF → G(koλ [ǫ]) be a deformation of ρ¯ whose nearly ordinary type and the deter-
minant are fixed to κ and χ. Then ρ defines the Kodaira-Spencer class cG(ρ) inH
1(F, ad0 ρ¯).
If we regard G-representation adG/Z as a GF -representation by ρ, it is identified with ad
0 ρ¯
(projective deformations are the same as the determinant fixed deformations if ℓ 6= 2).
Since ρ¯ is nearly ordinary, we may assume that ρ¯ factors through B(koλ) →֒ G(koλ) by
taking a suitable basis. We consider the filtration as a B-representation 0 ⊂ adB/Z ⊂ adG/Z ,
where we identify adB/Z ⊂ adG/Z withW1 = ρ¯⊗(χ¯2)−1 ⊂W = ad0 ρ¯ asGF -representations.
Since ρ : GF → G(koλ [ǫ]) is a nearly ordinary deformation of ρ¯, by a suitable choice of a
basis, ρ takes the values in B(koλ [ǫ]), and hence the cohomology class cG(ρ) in H
1(F, ad0 ρ¯)
associated to ρ is the image of the class cB(ρ) in H
1(F, adB/Z), defined similarly as cG(ρ)
as the Kodaira-Spencer class.
cB(ρ) must satisfy one more condition since we fix the nearly ordinary type. adB/Z
admits a filtration adU ⊂ adB/Z such that we have the exact sequence
0 −→ adU −→ adB/Z −→ adT/Z −→ 0
of B-representations. It induces the exact sequence
0 −→ χ¯1/χ¯2 −→W1 −→ koλ → 0
as GF -representations. Since we are considering deformations with a fixed nearly ordinary
type, the deformations in the direction of T/Z should be unramified, and hence the image
of cB(ρ) in H
1(F, koλ) belongs to H
1(F unr/F, koλ).
Theorem 3.16. Let ρ¯ be a GF -distinguished nearly ordinary representation.
(1) The dimension of Fn.o.ρ¯,κ,χ(koλ [ǫ]) is at most dimkoλ H
1(F, χ¯1/χ¯2)+dimkoλ H
0(F, ad0 ρ¯)−
dimkoλ H
0(F, χ¯1/χ¯2). (This upper bound is equal to dimkoλ H
0(F, ad0 ρ¯) + [F :
Qp] + dimkoλ H
0(F, (χ¯2/χ¯1)(1)) by the Euler characteristic formula of Tate).
(2) If χ¯2 = χ¯1(−1), and ρ¯ is not nearly ordinary finite, then the dimension of Fn.o.ρ¯,κ,χ(koλ [ǫ])
is at most dimkoλ H
0(F, ad0 ρ¯) + [F : Qp].
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(3) If χ¯2 = χ¯1(−1), and ρ¯ is nearly ordinary finite, then the dimension of Fn.o.f .ρ¯,κ,χ (koλ [ǫ])
is at most dimkoλ H
0(F, ad0 ρ¯) + [F : Qp].
Before beginning the proof of 3.16, we prepare several lemmas.
Lemma 3.17. Let ρ¯ be a GF -distinguished nearly ordinary representation.
(1) If ρ¯ is semi-simple, then dimkoλ H
0(F, ad0 ρ¯) = dimkoλ H
0(F,W1) = 1+dimkoλ H
0(F, χ¯1/χ¯2) =
1, and H1(F, χ¯1/χ¯2)→ H1(F,W1) is injective.
(2) If ρ¯ is not semi-simple, then dimkoλ H
0(F, ad0 ρ¯) = dimkoλ H
0(F,W1) = dimkoλ H
0(F, χ¯1/χ¯2),
and the kernel Lρ¯ of H
1(F, χ¯1/χ¯2)→ H1(F,W1) is one dimensional.
The verification of this lemma is easy, and left to the reader.
Lemma 3.18. Assume that ℓ ≥ 3, χ¯2 = χ¯1(−1), and ρ¯ is not nearly ordinary finite. For
any nearly ordinary deformation ρ over koλ [ǫ] with a fixed nearly ordinary character and
determinant of the form
0 −→ χ˜1 −→ ρ −→ χ˜2 −→ 0,
χ˜2 = χ˜1(−1) holds.
Proof of Lemma 3.18. When we view χ¯1 and χ˜2 as characters of GF with the values in
koλ [ǫ] by koλ →֒ koλ [ǫ], we denote them by χ1 and χ2.
µ = χ˜1/χ1 : GF → koλ [ǫ]× is an unramified character lifting the trivial character.
χ˜2 = χ2 · (µ)−1 since we fix the determinant. ρ ⊗ (χ˜2)−1 defines an element c(ρ) ∈
Ext1(F, χ˜1/χ˜
−1
2 ) = H
1(F, µ2χ1/χ2) = H
1(F, µ2(1)) which lifts the class c(ρ¯) inH1(F, χ¯1/χ¯2) =
H1(F, koλ(1)) defined by ρ¯⊗ χ¯−12 by the canonical homomorphism
H1(F, µ2(1)) −→ H1(F, koλ(1))
deduced from
µ2(1) −→ koλ(1) −→ 0.
c(ρ¯)|F unr = cρ¯ in H1(F unr, koλ(1)).
Assume that µ 6= 1. Consider the following homomorphism
H1(F unr, µ2(1)) ≃ (F unr)×/((F unr)×)ℓ ⊗Fℓ µ2
β˜→ µ2,
where β˜ is deduced from the valuation (F unr)× → Z (evaluation map, see Definition 3.10).
β˜(c(ρ)|F unr) is fixed by Gal(F unr/F ). Since ℓ 6= 2, µ2 6= 1, and (µ2)Gal(F unr/F ) is the
subspace koλǫ spanned by ǫ. Then β˜(c(ρ)|F unr) is mapped to zero by µ2 → µ2 ⊗koλ [ǫ] koλ =
koλ , which is equal to β(cρ¯) where β = evkoλ : H
1(F unr, koλ(1)) ≃ (F unr)×/((F unr)×)ℓ ⊗Fℓ
koλ
evkoλ→ koλ is the evaluation map for koλ (Definition 3.10). This implies that ρ¯ is nearly
ordinary finite. 
Proof of Theorem 3.16. For (1), assume that ρ¯ is semi-simple. Then H1(F, χ¯1/χ¯2) →
H1(F,W1) is injective by Lemma 3.17, (1). So the possible maximal dimension is dimkoλ H
1(F, χ¯1/χ¯2)+
1. If ρ¯ is not semi-simple, the kernel Lρ¯ of H
1(F, χ¯1/χ¯2) → H1(F,W1) is one dimensional
(this is the subspace spanned by the extension determined by ρ¯). So the dimension is at
most dimkoλ H
1(F, χ¯1/χ¯2).
For (2), by Lemma 3.18, there are no deformations in the direction of adT/Z , and the
possible maximal dimension is dimkoλ H
1(F, χ¯1/χ¯2)/Lρ¯ = dimkoλ H
1(F, χ¯1/χ¯2) − 1, which
is equal to [F : Qp]+dimkoλ H
0(F, χ¯1/χ¯2) = [F : Qp]+dimkoλ H
0(F, ad0 ρ¯) by Lemma 3.17
and the Euler characteristic formula.
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For (3), first assume that ρ¯ is semi-simple. For a class c which belongs to the tangent
space, the set of the classes in the tangent space with the same projection to H1(F, koλ)
is a torsor under H1fl(oF , koλ(1)) ≃ o×F /(o×F )ℓ ⊗Fℓ koλ . So the dimension is estimated from
above by 1 + [F : Qp] + dimFℓ H
0(F, µℓ). Since we assume that ρ¯ is GF -distinguished,
H0(F, µℓ) = {1}, and the result follows.
If ρ¯ is not semi-simple, the kernel Lρ¯ ofH
1(F, χ¯1/χ¯2)→ H1(F,W1) belongs toH1fl(oF , µℓ⊗Fℓ
koλ) since ρ¯ is nearly ordinary finite.
So the dimension of the tangent space is estimated from above by dimkoλ H
1
fl(oF , µℓ ⊗Fℓ
koλ)/Lρ¯ + 1 = (dimFℓ H
1
fl(oF , µℓ) − 1) + 1 = [F : Qp] + dimFℓ H0(F, µℓ) = [F : Qp] +
dimkoλ H
0(F, ad0 ρ¯) by Lemma 3.17, (2). 
Remark 3.19. In the terminology of [50], in the case of 3.16 (2), Selmer deformations are
strict by a theorem of Diamond, and the dimension estimate follows from proposition 1.9,
(iv).
Next we consider flat deformations. The case was treated by Ramakrishna [37] when
F = Qp and ρ¯ is absolutely irreducible. Conrad discusses flat deformations in detail for
F = Qp ([4], theorem 5.1), though he excludes the case when ρ¯ is split.
Here we only discuss the tangent space of flat deformation functors by a use of the theory
of Fontaine-Laffaille (cf. [37], [49]).
Theorem 3.20. Assume that F is absolutely unramified, with the residual characteristic
p ≥ 3. Let ρ¯ be a flat representation with the twist character κ¯, κ : (IF )GF → o×λ (resp.
χ : (IF )GF → o×λ ) a continuous character lifting κ¯ (resp. detρ¯|IF ).
(1) The dimension of Fflρ¯,κ(koλ [ǫ]) is equal to dimkoλ H
0(F, ad ρ¯) + [F : Qp].
(2) The dimension of Fflρ¯,κ,χ(koλ [ǫ]) is equal to dimkoλ H
0(F, ad0 ρ¯) + [F : Qp].
Lemma 3.21. Let ρ : GF → GL2(A) be a flat deformation of ρ¯ : GF → GL2(k) with the
trivial twist type, where A is an object of C artinoλ of characteristic p. Then F
0(D(ρ)) is free
of rank 2 over oF ⊗Zp A, and F 1(D(ρ)) is free of rank 1 over oF ⊗Zp A.
Proof of Lemma 3.21. First we treat the case of A = k. Assume that ρ¯ is absolutely
reducible. By extending k if necessary, we may assume that ρ¯ is reducible of the form
0 −→ χ¯1 −→ ρ¯ −→ χ¯2 −→ 0,
where χ¯1 and χ¯2 are characters, and there is an embedding kF →֒ k. For i = 1, 2, χ¯i|IF is
expressed as
χ¯i|IF =
∏
σ∈Gal(F/Qp)
(χσF )
−ǫi,σ ,
where χF : IF → (IabF )GF → k×F →֒ k× is the fundamental character of F , and χσF denotes
the σ-twist of χF . Since χ¯i, i = 1, 2, is associated with a finite flat group scheme, ǫi,σ ∈ {0, 1}
for any σ ∈ Gal(F/Qp).
By our assumption, detρ¯|IF = χ¯−1cycle|IF , and hence we have an equality
(∗) ǫ1,σ + ǫ2,σ = 1.
for σ ∈ Gal(F/Qp).
The exact sequence
0 −→ D(χ¯1) −→ D(ρ¯) −→ D(χ¯2) −→ 0
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is strictly compatible with the filtrations. F 0(D(χ¯i)) for i = 1, 2 are free of rank 1 over
kF ⊗ k, and hence F 0(D(ρ¯)) is free of rank 2. For i = 1, 2, F 1(D(χ¯i)) is the part of
F 0(D(χ¯i)) where k
×
F acts as
∏
σ∈Gal(F/Qp)
(ισ)
ǫi,σ . Here ισ : k
×
F
σ→ k×F →֒ k×. By (∗),
F 1(D(ρ¯)) is free of rank 1 over kF ⊗ k.
In the absolutely irreducible case, let F˜ be the unramified extension of F of degree 2.
To show 3.21 for ρ¯, it suffices to prove it for ρ¯|F˜ . Since ρ¯|F˜ is absolutely reducible, we are
reduced to the absolutely reducible case, which is already treated.
In the general case, we proceed by an induction on n = lengthA. For n = 1, the claim is
already shown. For n ≥ 2, take a quotient A′ = A/I of A with lengthI = 1 and I2 = {0}.
The kernel of ρ։ ρ′ = ρ⊗A A′ is isomorphic to ρ¯. Since D is an exact functor,
(†) 0 −→ D(ρ¯) −→ D(ρ) −→ D(ρ′) −→ 0
is exact. Moreover, (†) is strictly compatible with the filtrations. This gives us an equality
of the length
lengthF j(D(ρ)) = lengthF j(D(ρ′)) + lengthF j(D(ρ¯))
for j = 0, 1. By the assumption on the induction, F j(D(ρ′)) is free of rank 2 − j over
oF ⊗ZpA′ for j = 0, 1, so F j(D(ρ)) is a quotient of (oF ⊗ZpA)⊕(2−j) by Nakayama’s Lemma.
Since lengthF j(D(ρ)) = length(oF ⊗Zp A)⊕(2−j), we have the freeness of F j(D(ρ)).

Definition 3.22. Let A be an object of C artinoλ of characteristic p.
(1) EA is the full subcategory of M
FL
[0,1],A consisting of objects D = (F
0(D), F 1(D), ϕ)
which satisfy the following conditions:
• F 0(D) is free of rank 2 over oF ⊗Zp A.
• F 1(D) is free of rank 1 over oF ⊗Zp A.
(2) For LA = (oF ⊗Zp A)⊕2, we define a filtration by F 0(LA) = LA, F 1(LA) = the
A⊗Zp oF -submodule of (oF ⊗Zp A)⊕2 generated by (1, 0).
For an object D = (F 0(D), F 1(D), ϕ) of EA, a frame f of D is an isomorphism
f : F 0(D) ≃ LA as an oF ⊗Zp A-module which preserves the fltrations. (D, f) is
called a framed object of EA. The set of all frames for D is denoted by Frame(D).
(3) A framed isomorphism (D1, f1) → (D2, f2) is an isomorphism α : D1 → D2 in
MFL[0,1],A such that f2 ◦ α = f1.
Remark 3.23. By Definition 3.22 (3), a framed automorphism of a framed object of EA
reduces to the identity, and hence any framed isomorphisms between two framed objects are
unique.
For a flat deformation ρ of ρ¯ with the trivial twist type, by Lemma 3.21, a frame always
exists for D(ρ).
Let G be the Weil restriction ResoF /ZpGL2,oF of GL2,oF , B the Weil restriction of the
standard Borel subgroup of GL2,oF consisting of the upper triangular matrices. These
groups are smooth over Zp since F is absolutely unramified.
For D ∈ obEA, Frame(D) forms a trivial B(A)-torsor. By Definition 3.22 (3), two frames
f1 and f2 of D are isomorphic if and only if there is an automorphism α : D ≃ D in MFL[0,1],A
such that f2 = f1 ◦ α.
Lemma 3.24. Let ρ : GF → GL2(A) be a flat deformation of ρ¯ : GF → GL2(k) with the
trivial twist type.
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(1) Assume that pA = 0. Let X(A) be the set of framed isomorphism classes of framed
objects of EA. If X(A) is non-empty, it has a structure of a trivial torsor under
G(A).
(2) We fix a frame of D(ρ¯). For A = k[ǫ], the set Xρ¯(A) of the framed isomorphism
classes of framed objects D of EA with a framed isomorphism D⊗A k ≃ D(ρ¯) has a
structure of a LieGk-torsor.
(3) We fix a frame of D(ρ¯). For A = k[ǫ], the set of the isomorphism classes of the
frames of D(ρ) lifting the frame of D(ρ¯) is a torsor under LieBk/K, where K is a
subgroup of LieBk which is canonically isomorphic to H
0(F, ad ρ¯).
Proof of Lemma 3.24. For (1), by the definition of MFL[0,1],A, X(A) is identified with
X(A) = {h : (oF ⊗Zp A)2 → (oF ⊗Zp A)2, h is a σ-linear A-isomorphism.}
(1) is clear from this description with the G(A)-action given by h 7→ h ◦ g−1 for g ∈ G(A) .
For (2), note that Xρ¯ = Xρ¯(A) is non-empty since it contains the constant deformation
ρ¯⊗kA. As in the case of (1), Xρ¯ has a structure of a trivial torsor under Gˆ(A), where Gˆ(A)
is the subgroup of G(A) consisting of the elements whose mod mA-reduction is 1. Gˆ(A) is
canonically isomorphic to LieGk.
For (3), by Lemma 3.21, Dρ = D(ρ) admits a frame f0. By changing it by an element
of B(A), we may assume that f0 lifts the frame f¯0 of D(ρ¯). Then the set Frame(Dρ)f¯0 of
all frames of Dρ lifting f¯0 is a torsor under Bˆ(A), where Bˆ(A) = Gˆ(A) ∩ B(A). Bˆ(A) is
canonically isomorphic to LieBk. To determine the isomorphism classes of the frames of Dρ,
it suffices to determine the automorphism group K of Dρ whose mod mA-reduction is the
identity of D(ρ¯), since the isomorphism classes of the frames in Frame(Dρ)f¯0 is identified
with Frame(Dρ)f¯0/K ≃ LieBk/K. By the categorical equivalence, K is isomorphic to the
group K ′ of the automorphisms of ρ which induce the identity on the mod mA-reduction
ρ¯. It is well-known that K ′ is canonically isomorphic to H0(F, ad ρ¯). 
Proof of Theorem 3.20. We may assume that the twist character κ is trivial. k = koλ ,
A = k[ǫ]. We fix a frame of D(ρ¯). There is a canonical map
π : Xρ¯ −→ Fflρ¯,κ(k[ǫ])
which associates the Galois module V (D)F to a framed object (D, f) ∈ Xρ¯. By Lemma
3.24 (3), π has a structure of LieBk/K-torsor. By Lemma 3.24 (2), Xρ¯ is a LieGk-torsor.
Thus we have
dimk F
fl
ρ¯,κ(k[ǫ]) = dimk LieGk − dimk LieBk + dimkK = [F : Qp] + dimkH0(F, ad ρ¯).
For 3.20, (2), we just note that unramified twists ρ 7→ ρ⊗µ give a one dimensional family of
deformations, so one should diminish 1 in the case of Fflρ¯,κ,χ(k[ǫ]) because the determinant
is fixed. 
3.7. K-types. The discussion in this paragraph localizes a global argument in [51], propo-
sition 2.15. 0E-case is analyzed as in [13], [9], though we make a modification using a result
of [19] when the relative conductor is even.
First we recall a result of Ge´radin [19], which gives the local Langlands correspondence
explicitly in some supercuspidal cases (cf. [13], §2, and [9], §4 for other applications to
Hecke algebras).
Let F˜ be the unramified quadratic extension of F , σ the non-trivial element in Gal(F˜ /F ).
Take a character ψ : GF˜ → E×λ which does not extend to GF . ρ = IndGFGF˜ψ. The conductor
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c of ψ/ψσ depends only on ρ, and it is called the relative conductor of ρ. Here ψσ is the
σ-twist of ψ, and c ≥ 1 holds.
For an integer m, let (m)2 ∈ {0, 1} be the integer which satisfies m ≡ (m)2 mod 2.
(m)2 is called the parity of m. For the relative conductor c, define a quaternion algebra Dc
central over F by
Dc = F˜ + F˜Π, Π
2 = (pF )
(c)2 , Πx = σ(x)Π (∀x ∈ F˜ ),
and Gc = D
×
c is the multiplicative group of Dc.
Dc depends only on the parity of c, with the invariant
c
2 mod Z, and oDc = oF˜ + oF˜Π
is a maximal order of Dc. We define an open subgroup Kc of Gc(F ) and a character µψ of
Kc by
Kc = F˜
×(1 +md
F˜
Π),
µψ|F˜× = ψ · χF˜ , µψ|1+md
F˜
Π = χ ◦ ND/F .
Here d = c−(c)22 , χF˜ is the unramified character corresponding to F˜ /F , and ND/F is the
reduced norm (when d = 0, we regard m0
F˜
as oF˜ ). χ is a character of GF such that
ψ · χ|GF˜
−1 and ψ/ψσ has the same conductor (see [19], 3.2 for the existence of χ). ψ and
χ are regarded as characters of F˜× and F× respectively by the local class field theory. µψ
does not depend on a choice of χ.
The induced representation Ind
Gc(F )
Kc
µψ is irreducible and supercuspidal ([19], 3.4 and
5.1). Moreover, the representation π which corresponds to ρ by the local Langlands corre-
spondence (resp. the local Langlands correspondence composed with the Jacquet-Langlands
correspondence) is Ind
Gc(F )
Kc
µψ when c is even (resp. odd) by [19], 3.8 and 5.4.
Assume that ℓ 6= p, and we fix an ℓ-adic field Eλ. For ρ¯ : GF → GL2(kλ), and ∗ = f ,u, we
attach an inner twist Gρ¯ of GL2,F , compact open subgroupsK∗(ρ¯) in Gρ¯(F ), and characters
ν∗(ρ¯) of K∗(ρ¯) having values in o
×
Eλ
.
In the case of 0E , ρ¯ is expressed as Ind
GF
GF˜
ψ¯. By enlarging kλ if neccesary, we may assume
that ψ¯ is defined over kλ. Let ψ = ψ¯lift : GF˜ → o×Eλ be the Teichmu¨ller lift of ψ¯. We also
view ψ as a character of F˜× by the local class field theory.
Let c be the relative conductor of ρ¯. Then Gρ¯ = Gc,
Kf (ρ¯) = o
×
F˜
· (1 +md
F˜
Π),
Ku(ρ¯) = Z
ℓ
F˜
· (1 +md
F˜
Π).
Here d = c−(c)22 , and Z
ℓ
F˜
is the minimal subgroup of o×
F˜
containing 1+mF˜ of ℓ-power index.
ν∗(ρ¯) : K∗(ρ¯)→ o×Eλ is the restriction of µψ to K∗(ρ¯) for ∗ = f ,u.
Next we treat the cases other than 0E . When ρ¯ is absolutely reducible, by enlarging kλ
if necessary, we may assume that ρ¯ is reducible over kλ, and κ¯ be the twist type of ρ¯. In
the case of 0NE , we define the twist type κ¯ of ρ¯ as the trivial character.
We define the integers c(ρ¯) and d(ρ¯) by
c(ρ¯) = Art(ρ¯|IF ⊗ κ¯−1),
d(ρ¯) = dimkλ(ρ¯|IF ⊗ κ¯−1)IF .
Here Art denotes the Artin conductor. Gρ¯ is GL2,F , and Kf (ρ¯) and Ku(ρ¯) are defined by
Kf (ρ¯) = µℓ∞(F ) ·K1(mc(ρ¯)F ),
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Ku(ρ¯) = K1(m
c(ρ¯)+d(ρ¯)
F ).
For ∗ = f ,u, the K-character ν∗(ρ¯) : K∗(ρ¯)→ o×Eλ of ρ¯ is the composition of
K∗(ρ¯) −→ GL2(oF ) det−→ o×F
κ−→ o×Eλ .
Here κ is the Teichmu¨ller lift of the twist type κ¯ of ρ¯, which is regarded as a character of
o×F by the local class field theory.
Definition 3.25. Assume that ℓ 6= p, and let ρ¯ : GF → GL2(kλ) be a GF -representation.
The data (Gρ¯, (K∗(ρ¯), ν∗(ρ¯))∗∈{f ,u}) defined for ρ¯ is called the type of ρ¯. ν∗(ρ¯) is called the
K-character of ρ¯.
Take a deformation ρ of ρ¯ over oEλ . Let ρ
WD
Eλ
: W ′F → GL2(Eλ) be the representation
of the Weil-Deligne group W ′F of F associated to ρEλ , and π the irreducible admissible
representation of GL2(F ) defined over E¯λ associated to the F -semi-simplification of ρ
WD
Eλ
by the local Langlands correspondence. If Gρ¯ is isomorphic to GL2,F (resp. the multiplica-
tive group of a division quaternion algebra), we denote π (resp. the Jacquet-Langlands
correspondent of π) by πρ.
Definition 3.26. Assume that ℓ 6= p, and let ρ¯ : GF → GL2(kλ) be a GF -representation of
type (Gρ¯, (K∗(ρ¯), ν∗(ρ¯))∗∈{f ,u}), and ρ a deformation of ρ¯ over oEλ.
(1) An irreducible admissible representation π of Gρ¯(F ) defined over E¯λ is associated
to ρ if it is isomorphic to πρ.
(2) For an admissible irreducible representation π : Gρ¯(F )→ AutE¯λ V associated to ρ,
and for ∗ = f ,u,
I∗(ρ¯, π) = HomK∗(ρ¯)(ν∗(ρ¯), V ).
Proposition 3.27. Assume that ℓ 6= p, and let ρ¯ : GF → GL2(kλ) be a GF -representation
of type (Gρ¯, (K∗(ρ¯), ν∗(ρ¯))∗∈{f ,u}), ρ a deformation of ρ¯ over oEλ, and π an admissible
irreducible representation associated to ρ.
Then If (ρ¯, π) is at most one dimensional. It is non-zero if and only if ρ is a finite
deformation of ρ¯.
Proof of Proposition 3.27. Note that Kf (ρ¯) contains µℓ∞(F ), so detρπ is a finite deforma-
tion of detρ¯.
First we treat the case of 0E . Assume that If (ρ¯, π) 6= {0}. ρ¯ = IndGFGF˜ ψ¯, ψ the Teichmu¨ller
lift of ψ¯. The relative conductor of ψ is c. Let V be the representation space of π. If (ρ¯, π)
is identified with the subspace of V ker νf (ρ¯) where Kf (ρ¯) acts as νf (ρ¯). By twisting by an
unramified character, we may assume that the central element pF acts on V by µψ(pF ). So
we may assume that the action of pZF ·Kf (ρ¯) = Kc on If (ρ¯, π) ⊂ V ker νf (ρ¯) is µψ.
Since Kf (ρ¯) is a compact open subgroup and π is admissible, the Kf (ρ¯)-action on V
is semi-simple, and hence If (ρ¯, π) appears as a quotient representation of π|Kf (ρ¯). By the
Frobenius reciprocity,
dimE¯λ HomKc(π|Kc , µψ) = dimE¯λ If (ρ¯, π)∨ · dimE¯λ HomGρ¯(F )(π, Ind
Gρ¯(F )
Kc
µψ).
Since π and Ind
Gρ¯(F )
Kc
µψ are both irreducible, they are isomorphic, and dimE¯λ If (ρ¯, π) = 1
by Schur’s lemma. ρEλ is isomorphic to Ind
GF
GF˜
ψ, and hence is a finite deformation of ρ¯.
The argument also shows that dimE¯λ If (ρ¯, π) = 1 in the case of finite deformations.
In the other cases, let ν be a character of F× such that ν|IF is the Teichmu¨ller lift κ¯lift
of twist character κ. By replacing π by π ⊗ ν−1, we may assume that νf (ρ¯) is trivial. Let
30 KAZUHIRO FUJIWARA
c(π) be the conductor of π. Assume that If (ρ¯, π) 6= {0}. Since Kf (ρ¯) contains K1(mc(ρ¯)F ),
c(ρ¯) ≥ c(π)
since π has a non-zero K1(m
c(ρ¯))-fixed vector. c(π) is equal to ArtρEλ since π is associated
to ρ (the local Langlands correspondence preserves the Galois and automorphic conductors),
and hence
Artρ¯ ≥ ArtρEλ .
On the other hand, for the Artin conductors
Artρ¯−ArtρEλ = dimEλ(ρEλ |IF )IF − dimkλ(ρ¯|IF )IF ≤ 0
holds. Thus we have ArtρEλ = Artρ¯, and hence the equality dimkλ(ρEλ |IF )IF = dimEλ(ρ¯|IF )IF .
ρIF is oEλ-free and is an oEλ-direct summand, and hence the last equality implies that ρ is
a finite deformation of ρ¯.
If ρ is a finite deformation, by an argument as above c(π) = Artρ¯ holds. πKf (ρ¯) =
πK1(m
c(π)
F ) is the space of new vectors, and hence If (ρ¯, π) is one dimensional. 
Let ρ be a deformation of ρ¯ over oEλ , and π the admissible representation associated
to ρ. Assume that ρ¯ is not of type 0E . In the unrestricted case, we need to choose a one
dimensional subspace from Iu(ρ¯, π). We use the U(pF )-operator for this purpose ([51]) .
In general, for a reductive group G and a compact open subgroup K of G(F ), let
H(G(F ),K)E¯λ be the convolution algebra formed by the E¯λ-valued compactly supported
K-biinvariant functions on G(F ). For any irreducible admissible representation π of G(F )
defined over E¯λ, H(G(F ),K)E¯λ acts on π
K .
Definition 3.28. Let π be an irreducible admissible representation of GL2(F ) defined over
E¯λ. For a uniformizer pF of F ,
U(pF ), U(pF , pF ) : π
K −→ πK
are defined by the characteristic functions of the double cosets K
(
1 0
0 pF
)
K and K
(
pF 0
0 pF
)
K,
repectively.
Note that U(pF ) and U(pF , pF )-operators thus defined may depend on a choice of a
uniformizer.
In our situation, we choose K = ker νu(ρ¯). U(pF ) acts on Iu(ρ¯, π) by identifying Iu(ρ¯, π)
as a subspace of πK .
Proposition 3.29. Assume that ℓ 6= p, and let ρ¯ : GF → GL2(kλ) be a GF -representation
of type (Gρ¯, (K∗(ρ¯), ν∗(ρ¯))∗∈{f ,u}), ρ a deformation of ρ¯ over oEλ, and π an admissible
irreducible representation associated to ρ. κ = κ¯lift is the Teichmu¨ller lift of the twist
character of ρ¯.
(1) If ρ¯ is of type 0E, Iu(ρ¯, π) is one dimensional.
(2) If ρ¯ is not of type 0E, then Iu(ρ¯, π) is isomorphic to
Lρ¯,pF = E¯λ[U ]/(U · L(U, π ⊗ (νρ¯,pF ◦ det)−1))
as an E¯λ[U ]-module. Here U acts as U(pF ) on Iu(ρ¯, π), νρ¯,pF is the character of
F× such that νρ¯,pF (pF ) = 1 and νρ¯,pF |o×F = κ, and L(T, π ⊗ (νρ¯,pF ◦ det)
−1) is the
standard L-function of π ⊗ (νρ¯,pF ◦ det)−1. The localization of Lρ¯,pF at U = 0 is
one dimensional.
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Proof of Proposition 3.29. For (1), first show that Iu(ρ¯, π) 6= {0}. Since ρ is a deformation
of ρ¯, ρE¯λ is written as Ind
GF
GF˜
φ, where φ is a character of GF˜ . We may assume that φ is a
lift of ψ¯. The relative conductor c of φ is the same as that of ψ¯. By the result of Ge´radin,
π is isomorphic to Ind
Gρ¯(F )
Kc
µφ, and π|Kc contains a non-zero subspace W where Kc acts by
µφ. It is clear that W ⊂ Iu(ρ¯, π).
Iu(ρ¯, π) is identified with the subspace of V
ker νu(ρ¯) where Ku(ρ¯) acts as νu(ρ¯). We
consider the action of µℓ∞(F˜ ) on Iu(ρ¯), and let α be a character of µℓ∞(F˜ ) which appears
as a subrepresentation of Iu(ρ¯, π). We identify α with a character of k
×
F˜
of ℓ-power order.
Let πψ be the G(F )-representation corresponding to Ind
GF
GF˜
ψ, β be the character of o×D
defined by o×D → o×D/(1+ΠoD) = o×F˜ /(1+mF˜ ) = k
×
F˜
α→ o×Eλ . By twisting by an unramified
character, we may assume that the central character of π takes the same value as the central
character of πψ at pF . The action of F˜
× is thus determined, and it follows that there is a
subspace of Iu(ρ¯, π) where Kc acts by µψ · β|Kc .
By the definition, µψ·α = µψ ·β|Kc , and hence π corresponds to IndGFGF˜ (ψ ·α) by the local
Langlands correspondence. This shows the uniqueness of α, and hence Kc acts on Iu(ρ¯, π)
by µψ·α. The calculation of the dimension is the same as in the case of If (ρ¯, π) by using
the Frobenius reciprocity.
For (2), we may assume that κ¯ is trivial by twisting by a character of order prime to ℓ.
ArtρEλ + dimEλ ρ
IF
Eλ
= 2 + sw ρEλ = 2 + sw ρ¯ = Artρ¯+ dimkλ ρ¯
IF = c(ρ¯) + d(ρ¯)
by the formula for Artin conductors. Here sw means the swan conductor, which remains
unchanged by a mod λ-reduction. dimEλ ρ
IF
Eλ
= degL(T, π) and ArtρEλ = condπ, since the
local Langlands correspondence preserves the L and ǫ-factors. Thus 3.29, (2) is reduced to
the following lemma.
Lemma 3.30. For an admissible irreducible representation π of GL2(F ) defined over E¯λ,
let c be the conductor of π, d the degree of L(T, π), where L(T, π) is the standard L-
function of π. We regard πK1(m
c+d) as an E¯λ[U ]-module, where the U -action is given by
the U(pF )-operator. Then it is isomorphic to E¯λ[U ]/(U · L(U, π)).
Proof of Lemma 3.30. When π is supercuspidal, this is well-known. Let v be a non-zero
vector in πK1(m
c) (new vector). Then πK1(m
c+d) has a basis by
(
pF 0
0 1
)i
v, 0 ≤ i ≤ d.
By writing down the U(pF )-action explicitly, the lemma follows. We omit the details (for
F = Q and in the global setting, this is found in [51]). 

3.8. Global deformations. In this subsection, F is a global field. For a continuous repre-
sentation ρ of the global Galois group GF = Gal(F¯ /F ) and a finite place v of F , we denote
the restriction to the decomposition group ρ|GFv by ρ|Fv . For a finite set of finite places Σ,
GΣ = π
e´t
1 (Spec oF \ Σ) be the Galois group of the maximal Galois extension of F which is
unramified outside Σ.
Let k be a finite field, ρ¯ : GF → GL2(k) be an absolutely irreducible representation of
GF . Assume the following conditions:
DC1 For v|ℓ, ρ¯|Fv is flat or nearly ordinary. If ρ¯|Fv is flat (resp. nearly ordinary) at v, a
flat twist type (resp. nearly ordinary type) κ¯v is specified, and is defined over k.
DC2 For v ∤ ℓ and ρ¯|Fv is absolutely reducible, it is reducible over k, and a twist type κ¯v
(Definition 3.1) is specified, and is defined over k.
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DC3 For v ∤ ℓ and ρ¯|Fv is of type 0E , an inertia character ψ¯ (Definition 3.1) is specified,
and is defined over k.
Definition 3.31. Let ρ¯ : GF → GL2(k) be an irreducible mod ℓ-representation which
satisfies DC1-3.
(1) A deformation function d of ρ¯ is a map |F |f → {f ,u,n.o.f .,n.o.,fl} which satisfies
the following properties:
• If v ∤ ℓ, then d(v) ∈ {f,u}.
• If v|ℓ and ρ¯|Fv is nearly ordinary, d(v) ∈ {n.o.f.,n.o.}.
• If v|ℓ and ρ¯|Fv is flat, d(v) = fl.
• For almost all places v of F , d(v) = f .
(2) A deformation type D of ρ¯ is a quartet (d, oλ, {κv}v∈NO(ρ¯), {κv}v∈FL(ρ¯)) such that
• d is a deformation function of ρ¯. d is called the deformation function of D ,
and denoted by defD .
• oλ is a complete noetherian local ring with the maximal ideal moλ and the
residue field koλ. koλ is isomorphic to k. oλ is called the coefficient ring of D ,
and denoted by oD .
• NO(ρ¯) (resp. FL(ρ¯)) is the set of finite places where ρ|Fv is nearly ordinary
with the nearly ordinary type κ¯v (resp. flat with the twist character κ¯v). κv :
GFv → o×λ for v ∈ NO(ρ¯) (resp. v ∈ FL(ρ¯)) is a continuous character such
that κv mod moλ = κ¯v. For v ∈ NO(ρ¯) (resp. v ∈ FL(ρ¯)), κv is called the
nearly ordinary type of D (resp. flat twist type of D), and is denoted by κD,v.
(3) The ramification set ΣD of a deformation type D of ρ¯ is
ΣD = {v|ℓ} ∪ {v : ρ¯ is ramified at v} ∪ {v : ρ¯ is unramified at v, defD (v) = u}.
Definition 3.32. (1) For a deformation type D = (d, oλ, {κv}v∈NO(ρ¯), {κv}v∈FL(ρ¯))
of ρ¯ and a local homomorphism oλ → o′λ′ of complete noetherian local rings, the
scalar extension Do′
λ′
is defined by (d, o′λ′ , {κ′v}v∈NO(ρ¯), {κ′v}v∈FL(ρ¯)). Here κ′v is
the composition of GFv
κv→ o×λ → (o′λ′)× for v ∈ NO(ρ¯) (resp. v ∈ FL(ρ¯)).
(2) We define a partial order ≤ on the set {f ,u,n.o.f .,n.o.,fl} by f ≤ u, n.o.f ≤ n.o.,
fl ≤ fl. A deformation type D of ρ¯ is minimal if defD (v) takes the minimal possible
value at any v ∈ |F |f for the partial order.
(3) A morphism D → D ′ between deformation types of ρ¯ is a local ring homomorphism
f : oD ′ → oD and a condition on deformation functions which satisfy the following
properties:
• GFv
κ
D′,v→ o×
D ′
f→ o×
D
is κD,v for v ∈ NO(ρ¯) ∪ FL(ρ¯).
• defD (v) ≤ defD ′(v) for any v ∈ |F |f .
The category of deformation types of ρ¯ is denoted by Type(ρ¯).
We now define the global deformation functor associated with a deformation type D of
ρ¯.
Definition 3.33. Let ρ¯ : GF → GL2(k) be an absolutely irreducible representation over a
finite field of characteristic ℓ, D a deformation type of ρ¯.
For the coefficient ring oD of D and A ∈ obC noethoD , ρ : GΣD → GL2(A) is a deformation
of ρ¯ of type D if the following conditions are satisfied:
• ρ mod mA ≃ ρ¯.
• If defD (v) = f (resp. u) at v ∈ |F |f , ρ|Fv is a finite (resp. unrestricted) deformation
of ρ¯|Fv .
• If defD (v) = n.o.f . (resp. n.o.) at v ∈ |F |f , ρ|Fv is a nearly ordinary finite (resp.
nearly ordinary) deformation of ρ¯|Fv of nearly ordinary type κD,v.
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• If defD (v) = fl at v ∈ |F |f , ρ|Fv is a flat deformation of ρ¯|Fv of twist type κD,v.
By FD (A) we denote the set of isomorphism classes of deformations of ρ¯ of type D over A,
and the functor
FD : C
noeth
oD
−→ Sets
is the deformation functor of ρ¯ of type D .
For a continuous character χ : GΣD → o×D , FD,χ is the subfunctor of FD consisting of
the deformations with the determinant χ.
Theorem 3.34. Let ρ¯ : GF → GL2(k) be an absolutely irreducible representation over a
finite field of characteristic ℓ, D a deformation type of ρ¯, χ : GΣD → o×D a continuous
character. Then the deformation functor FD (resp. FD,χ) of ρ¯ is representable.
The representability follows as in [32], by the use of the Grothendieck-Schlessinger crite-
rion, using H0(GΣ, ad
0 ρ¯) = {0} to assure the universality. The proof is so standard, and
the details are omitted.
By RD (resp. RD,χ), we denote the universal deformation ring representing FD (resp.
FD,χ). ρ
univ
D
: GΣD → GL2(RD ) (resp. ρunivD,χ : GΣD → GL2(RD,χ) is the universal represen-
tation.
As in [51], the universal deformation ring behaves nicely under the change of the coeffi-
cient ring by oλ → o′λ′ : RDo′
λ′
∼→ RD ⊗oλ o′λ′ .
By the discussions in §3.3 and §3.6, we have
Proposition 3.35. (1) The tangent space FD (koD [ǫ]), which is identified with the Zariski
tangent space HomkoD (mRD/(m
2
RD
,moD ), koD ) of RD over oD , is canonically iso-
morphic to
H1D (F, ad ρ¯) = ker(H
1(F, ad ρ¯) −→
⊕
v∈|F |f
H1(Fv , ad ρ¯|Fv)/Lv).
Here Lv is the local tangent space for ρ¯|Fv defined by F defD(v)ρ¯|Fv ,κD,v(koD [ǫ]) if defD (v) ∈
{n.o.f ,n.o.,fl}, Lv = F defD(v)ρ¯|Fvs (koD [ǫ]) in the other cases.
(2) For a continuous character χ : GF → o×D , the statement corresponding to (1) holds
for FD,χ and RD,χ using ad
0 ρ¯ instead of ad ρ¯.
3.9. Selmer groups. To apply the level raising formalism in §2, we need to use a variant
of Selmer group associated to ad ρ as in [51]. Since it is an easy translation of §1 of [51],
we briefly discuss it here for our later use.
For an absolutely irreducible representation ρ¯ with a deformation type D , let RD be the
universal deformation ring. We assume that the coefficient ring oD is an ℓ-adic integer ring
with the fraction field ED , and that there is an oD -homomorphism f : RD → oD . By the
universality of RD , f corresponds to a deformation ρ : GΣD → GL2(oD ) of ρ¯ of type D .
Let L ≃ o⊕2
D
be the representation space of ρ. We define M and M0 by
M = ad ρ = L∨ ⊗oD L,
M0 = ad0 ρ.
For each integer n ≥ 1,
Mn =M ⊗oD m−nD /oD .
Note that the natural inclusion Mn →֒M ⊗oD ED/oD induces an injection
H1(F, Mn) −֒→ H1(F, M ⊗oD ED/oD )
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since H0(F, ad0 ρ¯) = {0}.
For a finite place v and an integer n, we define a local subgroup H1defD(v)(Fv , Mn) ⊂
H1(Fv , Mn) ([51], [9], p.142) which reduces to the local tangent space if n = 1.
First assume that defD (v) = n.o.. Let κD,v be the nearly ordinary type of ρ¯. ρ|Fv has
the form
0 −→ χ1,v −→ ρ|Fv −→ χ2,v −→ 0.
Here χ1,v is the nearly ordinary character of ρ|Fv .
As in §3.5, we define W1M0n ⊂M0n by
W1M
0
n = ρ|Fv ⊗ χ−12,v.
There is an exact sequence
0 −→W2M0n −→W1M0n −→ On −→ 0
for W1M
0
n. Here On = oD/m
n
D
, and W2M
0
n = χ1,v · χ−12,v mod mnD .
We define a subgroup Nn.o.,n of H
1(F unrv ,M
0
n) as the image of H
1(F unrv ,W2M
0
n) induced
by W2M
0
n →M0n. Then
H1n.o.(Fv , M
0
n) = ker(H
1(Fv , M
0
n)→ H1(F unrv , M0n)/Nn.o.,n),
H1n.o.(Fv, Mn) = H
1
n.o.(Fv, M
0
n)⊕H1(F unrv /Fv ,On).
Let On[ǫ] be the ring of dual numbers over On. Using that ρ¯ is GFv -distinguished, as in
[51], proposition 1.1, we may regard H1n.o.(Fv, M
0
n) as the group of extensions of the form
0 −→ χ˜1,v −→ ρ˜ −→ χ˜2,v −→ 0
such that ρ˜ mod ǫ ≃ ρ|Fv mod mnD , and detρ˜ = detρ|Fv . Here χ˜i,v : GFv → On[ǫ]× is a
character which lifts χi,v mod m
n
D
for i = 1, 2, χ1,v|IFv is equal to the nearly ordinary type
κD,v.
Next assume that defD (v) = n.o.f .. χ1|IFv = χ2(1)|IFv holds by the definition, and hence
ρ|Fv defines an element cρ|Fv ∈ H1(F unrv , oD (1)).
The subgroup H1
n.o.f .(F
unr
v , W2M
0
n) of H
1(F unrv , W2M
0
n) is defined as follows. Any
element ρ′ of H1(F unrv , W2M
0
n) is regarded as an extension
0 −→ κD,v −→ ρ′ −→ κD,v(−1) −→ 0
over On[ǫ], where the the extension class cρ′ in H
1(F unrv , On[ǫ](1)) lifts cρ|Fv mod m
n
D
.
Then ρ′ belongs to H1
n.o.f .(F
unr
v , W2M
0
n) if and only if evOn[ǫ](cρ′) = 0 for the evaluation
map (Definition 3.10)
Let Nn.o.f .,n be the image of H
1
n.o.f .(F
unr
v , W2M
0
n) in H
1(F unrv ,M
0
n).
H1n.o.f .(Fv , M
0
n) = ker(H
1(Fv , M
0
n)→ H1(F unrv , M0n)/Nn.o.f .,n),
H1n.o.f .(Fv , Mn) = H
1
n.o.f .(Fv, M
0
n)⊕H1(F unrv /Fv , On).
Lemma 3.36. Assume that defD (v) = n.o.f ..
lengthoDH
1
n.o.(Fv , Mn)/H
1
n.o.f .(Fv, Mn) ≤ lengthoDoD/(χ1,v(σ)2 − detρ|Fv(−1)(σ)).
Here σ is an element of GFv which lifts the geometric Frobenius element of Gk(v).
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Proof of Lemma 3.36. By the definition, H1n.o.(Fv , Mn)/H
1
n.o.f .(Fv, Mn) is seen as a sub-
group of H0(F unrv , χ1,v/χ2,v(−1)) by
H1n.o.(Fv, Mn)/H
1
n.o.f .(Fv , Mn) −֒→ Nn.o.,n/Nn.o.f .,n ≃ H1(F unrv ,W2M0n)/H1n.o.f .(F unrv ,W2M0n)
ev−֒→ H0(F unrv , χ1,v/χ2,v(−1)).
Since the image belongs to the GFv -invariant subspace, the claim follows. 
Assume that defD (v) = fl. Since M remains unchanged by a twist by a character, we
may assume that the twist type κv is trivial.
Then we define H1
fl
(Fv , Mn) as the group of extensions
0 −→ Ln −→ E −→ Ln −→ 0
in G OnF,[0,1].
If defD (v) = f ,
H1f (Fv , Mn) = H
1
f (Fv , Mn) = H
1(F unrv /Fv ,Mn)
is the finite part. If defD (v) = u, then
H1u(Fv , Mn) = H
1(Fv , Mn).
By the definition of H1
f
and H1u, the following lemma follows easily.
Lemma 3.37. Assume that defD (v) = f . Then
lengthoDH
1
u(Fv , Mn)/H
1
f (Fv , Mn) ≤ lengthoDH1(Fv , Mn)/H1f (Fv , Mn)
≤ lengthoDH0(Fv , Mn(1)).
With these local groups defined for v ∈ |F |f , we define the Selmer group for ad ρ.
Definition 3.38. Let ρ be a deformation of type D of ρ¯.
(1) For any integer n ≥ 1,
H1D (F, Mn) = ker(H
1(F, Mn) −→
⊕
v∈|F |f
H1(Fv, Mn)/H
1
defD (v)
(Fv , Mn)).
(2) The Selmer group is defined by
SelD (F, M) = ∪n Image(H1D (F, Mn)→ H1(F, M ⊗oD ED/oD )).
As in [51], proposition 1.1, we have
Proposition 3.39. Let ρ be a deformation of type D of ρ¯ which corresponds to f : RD →
oD . Then
HomoD (ker f/(ker f)
2, ED/oD ) ≃ SelD (F, M).
Remark 3.40. Our Selmer group is related to the Selmer group in the sense of Bloch-Kato.
As is discussed in [9], p.142, under the canonical map H1(Fv, Mn) → H1(Fv , Mn+1) in-
duced from the inclusion Mn →֒Mn+1, the inverse image of H1fl(Fv , Mn+1) is H1fl(Fv, Mn).
We define H1
fl
(Fv, M) as the union of images of H
1
fl
(Fv, Mn) in H
1(Fv , M). This subspace
is equal to the finite part H1f (Fv,M) in the sense of Bloch-Kato: by Wiles’ argument in [51],
proposition 1.3, 1), H1f (Fv, M) ⊂ H1fl(Fv , M). Then the equality follows since H1f (Fv , M)
is divisible, and lengthoDH
1
f (Fv, M1) ≥ lengthoDH1fl(Fv, M1). The last inequality follows
from [1], proposition 1.9, and Theorem 3.20.
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4. Modular varieties and automorphic representations associated to
quaternion algebras
In this section we briefly review modular varieties and automorphic representations as-
sociated to quaternion algebras. See [51], [23], [24] for further studies of Hecke algebras.
4.1. Modular varieties associated to quaternion algebras. Let F be a totally real
number field of degree [F : Q] = d. By IF,∞ we denote the set of all field embeddings
ι : F →֒ R. IF,∞ is identified with the set |F |∞ of infinite places of F .
We take a quaternion algebra D which is central over F . By D× we mean the multiplica-
tive group of D, which is regarded as an algebraic group over F , and GD = ResF/QD
× is
the Weil restriction to Q. Let Z be the center of GD.
Let ID ⊂ IF,∞ be the set of infinite places of F where D is split. We fix identifications
D ⊗ι R ≃M2(R) for ι ∈ ID, D ⊗ι R ≃ H for ι ∈ IF,∞ \ ID.
HereH is the Hamilton quaternion algebra. GD(R) is isomorphic to GL2(R)ID×(H×)IF,∞\ID .
Let XD be a GD(R)-homogeneous space defined by
XD = (H
±)ID .
Here H ± = P1(C) \ P1(R) is the double half plane, and the GD(R)-action is given by
GD(R)→ GL2(R)ID → PGL2(R)ID ≃ (AutH ±)ID by taking the projection to GL2(R)ID .
The complex dimension of XD is equal to ♯ID, which we denote by qD. We denote the
stabilizer of GD(R) at (
√−1, . . . ,√−1) ∈ XD by K∞.
For a compact open subgroupK ⊂ GD(AQ,f ), the associated modular variety SK(GD,XD)(C)
is defined by
SK(GD,XD)(C) = GD(Q)\GD(Af )×XD/K = GD(Q)\GD(A)/K ×K∞.
SK(GD,XD)(C) is viewed as the set of the C-valued points of a C-scheme SK(GD,XD)C
of finite type.
For an inclusion of subgroups K → K ′, a natural projection
πK ′,K : SK(GD,XD)C −→ SK ′(GD,XD)C
is induced, and {SK(GD,XD)C}K⊂GD(AQ,f ) forms a projective system. GD(AQ,f ) acts on
S(GD,XD)C = lim←−
K⊂GD(AQ,f )
SK(GD,XD)C
by the right translation. The action of g ∈ GD(AQ,f) is denoted by R(g).
In this paper, we mainly consider the following two cases.
• qD = ♯ID = 1: D is ramified at any infinite places except ι0 ∈ IF,∞.
In this case, SK(GD,XD)C is a Shimura curve, which is proper unless F = Q and D =
M2(Q). By the theory of canonical models of Shimura [44], there is a model SK(GD,XD)F
canonically defined over F , SK(GD,XD)F×F,ι0SpecC = SK(GD,XD)C. Since these models
are canonical,
S(GD,XD)F = lim←−
K
SK(GD,XD)F
is defined over F , and hence the GD(AQ,f )-action is also defined over F .
• qD = ♯ID = 0: D is a quaternion algebra over F which is ramified at all infinite
places.
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In this case, SK(GD,XD)C is a zero-dimensional scheme over C, which we call the Hida
variety associated to (GD,XD). A Hida variety is not a (non-connected) Shimura variety
in the sense of Deligne (since it has a compact factor defined over Q). The variety was first
considered by Hida in his study of Hecke algebras for GL2 [23].
4.2. Equivariant sheaves on modular varieties. In this subsection, D is a division
algebra, and we denote SK(GD,XD) by SK for short. For a prime ℓ and an ℓ-adic field Eλ,
there is an Eλ-smooth sheaf F¯
K
(k,w),Eλ
on SK (see [6] in the Shimura curve case, [23] for the
Hida variety case). We discuss it here with a Zℓ-structure.
For a finite place v|ℓ, IF,v is the set of field embeddings Fv →֒ E¯λ over Qℓ, IF,ℓ =
∐
v|ℓ IF,v.
By an isomorphism E¯λ ≃ C, IF,ℓ is identified with IF,∞.
Definition 4.1. Let (k,w) be a pair of an element k in ZIF,∞ and an integer w.
(1) (k,w) is called an infinity type if k = (kι)ι∈IF,∞ and w satisfy kι ≥ 1 and kι ≡ w
mod 2 for any ι ∈ IF,∞.
(2) An infinity type (k,w) is called a discrete type if kι ≥ 2 for any ι ∈ IF,∞.
(3) For ι ∈ IF,∞, k′ι = w−kι2 + 1.
By the above identification, an infinity type (k,w) is also viewed as a pair k ∈ ZIE,ℓ and
w ∈ Z.
We assume that D is split at all v|ℓ, and choose an isomorphism D⊗QQℓ ≃
∏
v|ℓM2(Fv).
By this isomorphism we regard
∏
v|ℓGL2(oFv) as a compact open subgroup of GD(Qℓ).
Let VFv = F
⊕2
v be the standard representation of GL2,Fv over Fv , VoFv = o
⊕2
Fv
the standard
lattice in VFv fixed by GL2(oFv). We take Eλ so that any ι : Fv →֒ E¯λ in IF,ℓ factors through
Eλ. For an infinity type (k,w) of discrete type, the representation
V(k,w),Eλ =
⊗
ι:Fv →֒Eλ,v|ℓ
(ιdet)−k
′
ι · Symkι−2(VFv ⊗ι Eλ)∨
of GD(Qℓ) is defined over Eλ, and has an oEλ-lattice
V(k,w),oEλ
=
⊗
ι:Fv →֒Eλ,v|ℓ
(ιdet)−k
′
ι · Symkι−2(VoFv ⊗ι oEλ)∨,
which is stable under
∏
v|ℓGL2(oFv ).
Definition 4.2. Let K be a compact open subgroup of GD(AQ,f ). K is called small if for
any compact open normal subgroup K ′ ⊂ K, the action of (K ∩F×) ·K ′\K on SK ′ induced
by the right action of K is free.
It is easily seen that if K is a small subgroup, then any compact open subgroup K ′ of
K is again small. We discuss the smallness of a compact open subgroup in subsection 4.5.
For a small compact open subgroup K = Kℓ ·Kℓ of GD(AQ,f ), let
πℓ : S˜ℓ −→ SK
be the Galois covering corresponding to (K ∩ F×)ℓ\Kℓ, where (K ∩ F×)ℓ is the image of
K ∩ F× by the projection K → Kℓ.
If the action of K ∩ F× on the representation V(k,w),oEλ is trivial, an oEλ-smooth sheaf
F¯K(k,w),oEλ
on SK is obtained from the covering πℓ and the representation V(k,w),oEλ
. Let
g be an element of GD(AQ,f). By the isomorphism SgKg−1
R(g)
∼→ SK induced by the right
GD(AQ,f )-action, F¯
gKg−1
(k,w),oEλ
= R(g)∗F¯K(k,w),oEλ
is defined by the lattice gℓV(k,w),oEλ
, where
gℓ is the ℓ-component of g.
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For the right GD(AQ,f)-action on S = lim←−K SK , the Eλ-sheaf
F¯
K
(k,w), Eλ
= F¯K(k,w),oEλ
⊗oEλ Eλ
forms a GD(AQ,f )-equivariant system of smooth sheaves as K varies by the construction.
The oEλ-lattice structure is preserved by GD(A
ℓ
Q,f)-action.
When qD is one, the sheaf F¯
K
(k,w) is canonically defined over F by the theory of canonical
models, which we denote by FK(k,w). This canonical F -structure gives a continuous GF -
action on the e´tale cohomology groups over F¯ .
The Betti-version of F¯(k,w) is discussed in [6], p.418–419. By the comparison theorem in
e´tale cohomology, those two cohomology theories are canonically isomorphic, so we do not
make any distinction unless otherwise stated.
Remark 4.3. In the case of Shimura curves, FK(k,w),Eλ is pure of weight w.
4.3. Hecke correspondences and the duality formalism. For a commutative ring R
and a compact open subgroup K of GD(AQ,f), let HK,R = H(GD(AQ,f ), K)R be the
convolution algebra formed by the compactly supported R-valued K-biinvariant functions
on GD(AQ,f ). The right GD(AQ,f )-action on S = lim←−K SK yields a left GD(AQ,f )-module
structure on
H∗(S, F¯(k,w),Eλ)
def
= lim−→H
∗(SK , F¯
K
(k,w),Eλ
).
At each finite level K, H∗(SK , F¯
K
(k,w),Eλ
) has a left action of the convolution algebra HK,Eλ.
In this subsection, we discuss this action in detail.
Definition 4.4. Let K be a compact open subgroup K of GD(AQ,f ).
(1) K is Q-factorizable if K =
∏
qKq, Kq ⊂ GD(Qq). For a finite set Σ of primes ,
KΣ =
∏
q∈ΣKq, K
Σ =
∏
q 6∈ΣKq.
(2) K is F -factorizable if K =
∏
v∈|F |f
Kv, Kv ⊂ D×(Fv) by the identification GD(AQ,f ) =
D×(AF,f). For a finite set Σ of finite places of F , KΣ =
∏
v∈ΣKv, K
Σ =
∏
v 6∈ΣKv.
(3) For an F -factorizable compact open subgroup K =
∏
vKv of GD(AQ,f), ΣK is the
set of finite places which satisfies the following property:
v 6∈ ΣK ⇔ D is split at v, and Kv is a maximal hyperspecial subgroup of D×(Fv).
When v 6∈ ΣK , Kv is isomorphic to GL2(oFv) by some group scheme isomorphism D×v ≃
GL2.Fv suitably taken.
For two compact open subgroups K, K ′ ⊂ GD(AQ,f ), g ∈ GD(AQ,f) define an algebraic
correspondence
[KgK ′] :
SK
pr2←−−−− SK∩gK ′g−1
R(g−1)
∼−→ Sg−1Kg∩K ′
pr1−−−−→ SK ′,
where pr1 = πg−1Kg∩K ′,K ′ and pr2 = πK∩gK ′g−1,K correspond to the inclusion of groups,
and the direction of the correspondence is from the second projection to the first projection,
that is, from SK to SK ′.
The algebraic correspondence induced by K ′gK from SK to SK ′ is dual to Kg
−1K ′ from
SK ′ to SK .
Since F(k,w),Eλ is GD(AQ,f )-equivariant by the construction,
[KgK ′]∗ : RΓ(SK ′ , F¯
K ′
(k,w),Eλ
) −→ RΓ(SK , F¯K(k,w),Eλ)
is induced by
RΓ(SK ′ , F¯
K ′
(k,w),Eλ
)
pr∗1
∼−→ RΓ(Sg−1Kg∩K ′, F¯ g
−1Kg∩K ′
(k,w),Eλ
)
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R(g−1)∗−→ RΓ(SK∩gK ′g−1 , F¯K∩gK
′g−1
(k,w),Eλ
) −→ RΓ(SK , F¯K(k,w),Eλ).
We call [KgK ′]∗ the standard action of [KgK ′]. When K = K ′, it is defined with the
oEλ-lattice structure if g
−1
ℓ (V(k,w),oEλ
) ⊂ V(k,w),oEλ .
The action of the characteristic function χKgK of HK,Eλ on H
∗(SK , F¯
K
Eλ
) is the standard
action [KgK]∗. Moreover, we have the action ofH(GD(AℓQ,f ), K
ℓ)oEλ onH
∗(SK , F¯
K
(k,w),oEλ
)
for K = Kℓ · Kℓ: For g ∈ GD(AℓQ,f), KℓgKℓ acts by the standard action of Kg˜K,
g˜ = (1D(Fv))v|ℓ · g ∈ GD(AℓQ,f).
It is possible to lift the action of H(GD(AℓQ,f ), K
ℓ)oEλ on the cohomology groups to
RΓ(SK , F¯
K
(k,w),oEλ
) as the following proposition shows:
Proposition 4.5. There is a complex of left H(GD(AℓQ,f ), K
ℓ)oEλ -modules bounded below
which represents RΓ(SK , F¯
K
(k,w),oEλ
).
Lemma 4.6. Let Y
f1,f2→ X be finite e´tale morphisms between schemes of finite type over
C, F an abelian sheaf on X(C). We regard X
f1← Y f2→ X as a correspondence, and
assume that a cohomological correspondence c : f∗2F
∼→ f∗1F is given. Let L· be the
Godement’s canonical resolution of F . Then c induces a morphism of complexes c∗ :
Γ(X(C), L·) → Γ(X(C), L·) which gives the endmorphism of RΓ(X(C),F ) in the derived
category D+(X(C)) induced by c.
Proof of Lemma 4.6. Since f1 and f2 are e´tale, they are local isomorphisms in the analytic
category, and f∗i L
∗ is the canonical resolution of f∗i F for i = 1, 2. Thus c induces an
isomorphism of complexes c∗ : f∗1L
· ∼→ f∗2L·. Since f2 is finite e´tale, the trace map is
defined for sheaves, thus tr : (f2)∗f
∗
2L
· → L· is defined. The composite of
Γ(X(C), L·) −→ Γ(Y (C), f∗1L·)
Γ(c∗)−→ Γ(Y (C), f∗2L·) = Γ(X(C), (f2)∗f∗2L·)
Γ(tr)−→ Γ(X(C), L·)
satisfies the desired property. 
Proof of Proposition 4.5. For simplicity, we work with the Betti realization described in
[6], p.418–419. This is sufficient because the Betti and e´tale cohomologies are canonically
isomorphic by the comparison theorem in e´tale cohomology.
We assume that the ℓ-component of g is 1. We have a morphism
pr∗1 F¯
K
(k,w),oEλ
= F¯ g
−1Kg∩K
(k,w),oEλ
R(g−1)∗
∼−→ F¯K∩gKg−1(k,w),oEλ = pr
∗
2 F¯
K
(k,w),oEλ
.
Let L· be Godement’s canonical resolution of F¯K(k,w),oEλ
on SK . Since pr1 and pr2 are finite
e´tale, Lemma 4.6 is applied, and the action of χKgK is actually defined on Γ(SK , L
·). One
checks that this action of χKgK extends to a left action of H(GD(AℓQ,f ), K
ℓ)oEλ , then Γ(L
·)
defines an object of the derived category of H(GD(AℓQ,f ), K
ℓ)oEλ -modules bounded below
which lifts RΓ(SK , F¯
K
(k,w),oEλ
). 
For the relation between H(GD(AℓQ,f ), K
ℓ)oEλ -action and the Verdier duality, we have
the following. By the definition of F¯K(k,w),oEλ
,
(∗) (F¯K(k,w),oEλ )
∨ ∼−→ F¯K(k,−w),oEλ ,
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since V(k,w),oEλ
satisfies V ∨(k,w),oEλ
∼→ V(k,−w),oEλ .
This gives a perfect pairing in the derived category of oEλ-modules
RΓ(SK , F¯
K
(k,w),oEλ
)⊗LoEλ RΓ(SK , F¯
K
(k,−w),oEλ
) −→ oEλ(−qD)[−2qD]
by Poincare´ duality. We need to know how Poincare´ duality exchangesH(GD(AℓQ,f ),K
ℓ)oEλ -
actions. By the isomorphism (∗), (R(g)∗)∨ is identified with R(g−1)∗. This implies that
the standard action of KgK on RΓ(SK , F¯(k,w),oEλ
) corresponds to the standard action of
Kg−1K on RΓ(SK , F¯(k,−w),oEλ
).
Proposition 4.7. The standard action
RΓ(SK ′ , F¯
K ′
(k,w),oEλ
)
[KgK ′]∗−→ RΓ(SK , F¯K(k,w),oEλ )
induced by [KgK ′] is dual to the standard action
RΓ(SK , F¯
K
(k,−w),oEλ
)(qD)[2qD]
[K ′g−1K]∗(qD)[2qD]−→ RΓ(SK ′ , F¯K ′(k,−w),oEλ )(qD)[2qD]
by [K ′g−1K].
We have two geometric actions of the convolution algebra, which we call the standard
action and the dual action. The standard action of [KgK] is [KgK]∗ we have already
introduced. By the dual action of [KgK] on RΓ(SK , F¯(k,w),oEλ
), we mean the standard
action of [Kg−1K]. Proposition 4.7 implies that Poincare´ duality exchanges the standard
action to the dual action. The standard action (resp. dual action) is a left (resp. right)
action.
For an F -factorizable compact open subgroup K and a finite place v of F such that D
is split at v, choose a uniformizer pv of Fv. Define a(pv) and b(pv) ∈ GD(AQ,f ) as the
elements having
(
1 0
0 pv
)
,
(
pv 0
0 pv
)
as the v-component and the other components are 1,
respectively.
As in §3.7, U(pv) and U(pv, pv) are defined by χKa(pv)K and χKb(pv)K . These operators
are called the standard Hecke operators. They are independent of the choice of a uniformizer
if Kv contains K0(mv). When Kv = GL2(oFv), U(pv) and U(pv, pv) are denoted by Tv and
Tv,v.
4.4. The reciprocity law for S(GD,XD). For a quaternion algebra D over F and an
infinity type (k,w) of discrete type, let A disc(k,w)(GD(AQ)) be the set of isomorphism classes
of irreducible essentially square integrable representations of GD(AQ) of infinity type (k,w):
for π ∈ A disc(k,w)(GD(AQ)), π∞ takes the following form
π∞ = (
⊗
ι∈ID
Dkι,w)⊗ (
⊗
ι∈IF,∞\ID
D¯(kι,w)),
where D¯(kι,w) = N
−k′ι
H/R · Sym(kι−2) V ∨st is the irreducible representation of H× which cor-
responds to D(kι,w) by the Jacquet-Langlands correspondence [27]. NH/R is the reduced
norm, Vst is the standard representation of GL2(C), and we view GL2(C)-representation
Sym(kι−2) V ∨st as a representation of H
×. For a Hecke character χ : F×\A×F → C×,
A disc(k,w),χ(GD(AQ)) is the subset of A
disc
(k,w)(GD(AQ)) consisting of the representations with
the central character χ.
By the Jacquet-Langlands [27], Shimizu [40] correspondence, we have an injection
JL : A disc(k,w)(GD(AQ)) −֒→ A disc(k,w)(ResF/QGL2,F (AQ)),
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and A(k,w)(GD(AQ)) (resp. A(k,w),χ(GD(AQ))) is defined as the subset of A
disc
(k,w)(GD(AQ))
(resp. A disc(k,w),χ(GD)) which correspond to cuspidal representations of GL2(AF ). The image
of A(k,w)(GD(AQ)) by JL consists of a cuspidal representation π which has an essentially
square integrable component πv at v where D is ramified. When D is a split quaternion
algebra over F , we denote A disc(k,w)(GD(AQ)) (resp. A
disc
(k,w),χ(GD(AQ)), resp. A(k,w)(GD(AQ)),
resp. A(k,w),χ(GD(AQ))) by A
disc
F,(k,w) (resp. A
disc
F,(k,w),χ, resp. AF,(k,w), resp. AF,(k,w),χ).
First consider the Shimura curve case. For an infinity type (k,w) of discrete type, the
decomposition of the e´tale cohomology groups as GF ×H(GD(AQ),K)-bimodules is given
by
H1e´t(SK,F¯ , F¯
K
(k,w),E¯λ
) ≃
⊕
π∈A(k,w)(GD(AQ))
ρπ,E¯λ ⊗E¯λ πKf ,
and
H0e´t(SK,F¯ , F¯
K
(k,w),E¯λ
)⊕H2e´t(SK,F¯ , F¯K(k,w),E¯λ) ≃ ⊕π∈A c(k,w)(GD(AQ))ρπ,E¯λ ⊗E¯λ π
K
f .
Here A c(k,w)(GD(AQ)) = A
disc
(k,w)(GD(AQ)) \ A(k,w)(GD(AQ)). For π ∈ A(k,w)(GD), ρπ,E¯λ :
GF → GL2(E¯λ) is the two dimensional irreducible ℓ-adic representation associated to π
([33],[6]), and we view the finite part πf of π is defined over E¯λ by the identification
E¯λ ≃ C. Note that A c(k,w)(GD(AQ)) is non-empty if and only if k = (2, . . . , 2), and
A c(k,w)(GD(AQ)) consists of one dimensional representations which factor through the re-
duced norm D×(AF )
ND/F→ A×F
χ→ C×. In this case, χ is an algebraic Hecke character of
weight w, and ρπ,E¯λ is ρχ,E¯λ ⊕ρχ,E¯λ(−1), where ρχ,E¯λ : GF → E¯×λ is the GF -representation
attached to the algebraic Hecke character χ.
In the case of Hida varieties, there are no natural Galois actions, still there is a decom-
position
H0e´t(SK,C, F¯
K
(k,w),E¯λ
) ≃ IK(k,w),Eλ ⊕ (
⊕
π∈A(k,w)(GD(AQ))
πKf )
as a H(GD(AQ),K)-module. Here IK(k,w),E¯λ is the subspace of H
0
e´t(SK,C, F¯
K
(k,w),E¯λ
) consist-
ing of section f such that the lift of f to D×(AF,f ) factors through D×(AF,f )
ND/F→ (AF,f )×.
IK
(k,w),E¯λ
is isomorphic to
⊕
π∈A c
(k,w)
(GD(AQ))
πf
K .
In the both cases (especially when qD = 0), the Galois representation ρπ,E¯λ attached
to π ∈ A(k,w)(GD(AQ)) exists, and is isomorphic to ρJL(π),E¯λ attached to the cuspidal
representation JL(π) of GL2(AF ).
Remark 4.8. There is an action of the field automorphisms Aut E¯λ on A(k,w)(GD): for
a representation π ∈ A(k,w)(GD) and any element τ ∈ Aut E¯λ, let πτf be the twist of πf
by τ : πτf : GD(AQ,f)
πf→ AutE¯λ V ≃ AutE¯λ V ⊗E¯λ,τ E¯λ. Then there is a representation
πτ ∈ A(k,w)(GD) such that (πτ )f ≃ πτf . πτ is unique up to isomorphisms.
Since the Aut E¯λ-orbit of π is a finite set, for the stabilizer Hπ of the isomorphism class
of π,
Eπ = E¯
Hπ
λ
is a number field of finite degree over Q, which we call the field of definition of π. When a
subfield E of E¯λ contains Eπ, we say that π is defined over E. By the strong multiplicity
one theorem for GL2, π
τ ≃ π if and only if πτv ≃ πv for almost all v. In particular πv is
defined over E if and only if πv is defined over E for almost all v.
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4.5. Smallness of compact open subgroups.
Proposition 4.9. Let K be an F -facrtorizable compact open subgroup of GD(AQ,f ), y a
finite place of F , S a finite set of finite places of F . Assume the following conditions:
(1) y 6∈ S, ΣK ∩ ({y} ∪ S) = ∅, and any element in S and y do not divide 2.
(2) The map o×F /(o
×
F )
2 → ∏v∈S k(v)/(k(v))2 is injective.
(3) GderD (Q) ∩ g−1(K11(my) ·Ky)g is torsion free for any g ∈ GD(AQ,f).
For u ∈ S, define a compact open subgroup Uu of D×(Fu) by
Uu = {α ∈ Ku,NDFu/Fu(α) ∈ (o×Fu)2}.
Then K(y, S) = (K11(my) ∩Ky) ·
∏
u∈S Uu ·K{y}∪S is a small subgroup of GD(AQ,f ).
To show the proposition, it suffices to show the following lemma.
Lemma 4.10. For an open subgroup K ′ of K(y, S) and an element k of K(y, S), assume
that k normalizes K ′. If the right action of k on SK ′ admits a fixed point, there is a unit
δ ∈ oF× such that δ−1k ∈ K ′.
Proof of Lemma 4.10. We may assume that any local component Kv of K at a finite place
v is a maximal compact open subgroup of D×(Fv), and Ky = K11(my).
Assume that k fixes the double coset GD(Q)x(K ′ ·K∞) defined by x ∈ GD(AQ). There
are elements γ ∈ GD(Q) and k′ ∈ K ′ such that
(∗) x · k = γ · x · k′
holds. By taking the reduced norm of (∗), ǫ = ND/F (k′) · ND/F (k)−1 for ǫ = ND/F (γ). ǫ
is a unit of F since it belongs to ô×F . At u ∈ S, ǫ belongs to (o×Fu)2 by the definition of
K(y, S). By Proposition 4.9 (2), this implies that ǫ ∈ (o×F )2. We take δ ∈ o×F such that
δ2 = ǫ, and δ mod mFy = 1. δ ∈ K˜ = K(y, S), and γ˜ = γ/δ belongs to GderD (Q).
Equation (∗) reduces to
(†) x · k˜ = γ˜ · x,
where k˜ = k/(δ · k′) ∈ K˜.
When qD = 0, (†) implies that γ˜ fixes a Z-lattice in some faithful Q-representation of
GderD since it is contained in xK˜x
−1. Thus γ˜ is an element of finite order, because it is
contained in the compact group GderD (R). By our assumption 4.9 (3), γ˜ = 1, and k˜ = 1
follows from (†). This implies the freeness of the action on SK ′.
When qD = 1, (†) implies that the finite part xf of x satisfies γ˜ ∈ xfK˜x−1f , and the class
of the infinite part x∞K∞ ∈ XD is fixed by γ˜ from the left. By Proposition 4.9 (3), the
action of GderD (Q)∩xf (K11(my) ·Ky)x−1f on XD is free, which implies that γ˜ = 1. It follows
that k˜ = 1, and the claim is shown. 
As for the existence of a nice pair (y, S) as in Proposition 4.9, we have the following
lemma.
Lemma 4.11. Let K be an F -factorizable compact open subgroup of GD(AQ,f ).
(1) For any finite set P0 of finite places of F which contains ΣK ∪ {u;u|2}, there is
a finite set S of finite places that is disjoint from P0, and the condition (2) of
Proposition 4.9 is satisfied for S.
(2) There is an integer aF ≥ 1, which depends only on F , with the following property:
for any finite place y 6∈ ΣK and qy ≥ aF , the condition (3) of 4.9 is satisfied for y.
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Proof of Lemma 4.11. To construct S, let F ′ be the Galois extension of F defined by F ′ =
F (
√
ǫ, ǫ ∈ o×F ). The Galois group G′ = Gal(F ′/F ) is an abelian group of type (2, . . . , 2),
which we view as an F2-vector space. Let {σj}j∈J be a basis of G′ over F2. We take S so
that the following two conditions are satisfied:
• S ∩ P0 = ∅,
• For any j ∈ J , there is an element sj in S such that F ′ is unramified at sj, and the
geometric Frobenius element Frsj at sj is mapped to σj.
The existence of S is guaranteed by the Chebotarev density theorem, and Proposition 4.9
(2) is satisfied for this choice of S.
For (2), the existence of aF is proved in [23], lemma 7.1 (we take aF so that aF > 2
d,
which excludes the possibility that y divides 2). 
Remark 4.12. The notations are as in Lemma 4.11. Let E be the kernel of NF/Q : o
×
F →
Z×. If we add a finite place s, which is split in F (
√
ǫ, ǫ ∈ E ) but does not split in F (√−1),
to S, FK
′
(k,w),Eλ
is defined on SK ′ for any compact open subgroup K
′ of K(y, S).
For an F -factorizable compact open subgroup K of GD(AQ,f), assume that y satisfies the
condition (1) of Proposition 4.9, and the y-component Ky of K is contained in K11(my). By
Lemma 4.11, we take an auxiliary set S which is disjoint from ΣK ∪ {u : u|2} and satisfies
the condition (2) of Proposition 4.9 (cf. Remark 4.12).
When ℓ ≥ 3, for any integer q and a finite oλ-algebra R, the cohomology groupHqstack(SK F¯K(k,w),R)
of degree q is defined as theK-invariant partHq(SK(y,S) F¯
K(y,S)
(k,w),R)
K ofHq(SK(y,S) F¯
K(y,S)
(k,w),R).
Since K(y, S)\K is an abelian group of type (2, . . . , 2) and ℓ ≥ 3, Hqstack(SK F¯K(k,w),R) is
an R-direct summand of Hq(SK(y,S) F¯
K(y,S)
(k,w),R). This property is usually suffcient to make
an analysis on SK(y,S). In particular exact sequences are preserved.
Remark 4.13. As the notation suggests, Hqstack(SK) is canonically isomorphic to the (e´tale)
cohomology group of SK when SK is regarded as a Deligne-Mumford stack, and is indepen-
dent of the choice of an auxiliary set S.
5. Universal exactness of cohomology sequences
We study the exactness of a homomorphism defined by degeneracy maps on cohomology
groups. In particular we show the sequences in consideration are universally exact, that
is, the sequences remain exact under any extensions of scalars. This is a basic tool in the
study of cohomological congruences, in particular in the theory of congruence modules.
In the elliptic modular case and the subgroup isK0(v), Ribet calls the universal injectivity
“Ihara’s Lemma”.
Throughout this section, D is a division algebra unless otherwise stated.
5.1. Modules of residual type. Let K be an F -factorizable compact open subgroup of
GD(AQ,f ). For a finite set of finite places Σ which contains ΣK and the places dividing ℓ,
let TΣ = H(D
×(AΣf ), K
Σ)oEλ be the convolution algebra consting of oEλ-valued functions.
By the assumption on Σ, TΣ is commutative.
Definition 5.1. Consider the category CTΣ of TΣ-modules which are finitely generated as
oEλ-modules.
(1) We call an object N in CTΣ residual type if any constituant N
′ of N/λN satisfies
the relation
[Tv]
2 = [Tv,v ](1 + qv)
2
on N ′ for any v 6∈ Σ.
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(2) A maximal ideal m of TΣ is of residual type if TΣ/m is of residual type.
By Cres we denote the subcategory of CTΣ consisting of the TΣ-modules of residual type.
Cres is a Serre subcategory of CTΣ , and is stable under the dual action of TΣ. By C¯TΣ ,
we mean the quotient category of CTΣ by Cres.
A typical example of modules of residual type is obtained by a one dimensional repre-
sentation π : D×(AΣf )→ E×λ which factors through the reduced norm ND/F . The induced
TΣ-action gives a module of residual type.
For a Galois representation ρ¯ : GΣ → GL2(kλ), the maximal ideal mρ¯ of TΣ associated to
ρ¯ is the kernel of oEλ-algebra homomorphism fρ¯ : TΣ → kλ such that fρ¯(Tv) = traceρ¯(Frv),
fρ¯(Tv,v) = q
−1
v detρ¯(Frv). The following proposition shows that the maximal ideals of TΣ
of residual type coming from Galois representations correspond to very special reducible
representations.
Proposition 5.2. For a continuous representation ρ¯ : GΣ → GL2(k¯λ), the maximal ideal
mρ¯ corresponding to ρ¯ is of residual type if and only if ρ¯
ß satisfies
ρ¯ß ≃ χ¯⊕ χ¯(−1)
for some one dimensional character χ¯ : GΣ → k¯×λ over k¯λ.
A proof is found in [15], Proposition 3.6.
Remark 5.3. (1) The notion of modules of residual type is stronger than the notion of
Eisenstein modules in [12], and is introduced in [15] (there it is called of ω-type).
(2) Let m be a maximal ideal of TΣ which is not of residual type. If a sequence
0 −→M1 −→M2 −→M3 −→ 0
of TΣ-modules is exact in C¯TΣ, then the sequence
0 −→ (M1)m −→ (M2)m −→ (M3)m −→ 0
localized at m is exact.
5.2. Universality under scalar extensions. For a finite oEλ-algebraR, we denote F¯
K
(k,w),oEλ
⊗oEλ
R by F¯K(k,w),R.
Lemma 5.4. Assume that D is a division algebra which defines a Shimura curve, K is an
F -factorizable compact open subgroup of D×(AF,f ), and Σ is a finite set of finite places of
F that contains ΣK ∪ {v|ℓ}.
For any integer α ≥ 1 and any D×(AΣF,f )-equivariant kλ smooth subquotient F of
(F¯K(k,w),kλ)
⊕α, Hq(SK ,F ) is of residual type for q = 0, 2.
Proof of Lemma 5.4. First we prove the claim for q = 0. For an inclusion of two groups
K ′ →֒ K, H0(SK ,F ) is a subspace of H0(SK ′ ,FK ′) since πK ′,K is surjective. Here FK ′ is
the pullback of F to SK ′. So we may assume that Ku ⊂ K(mFu) for u|ℓ. By the definition
of F¯(k,w),oEλ
, F¯(k,w),kλ is trivialized in D
×(AΣF,f )-equivariant way on SK . This implies that
any subquotient of F is isomorphic to kλ as a D
×(AΣF,f )-equivariant sheaf. If F = kλ, the
claim follows from the isomorphism π0(SK) ≃ π0(F×\A×F,f/ND/FK), by taking a finite set
of finite places Σ which contains ΣK , and all places dividing ℓ. By the induction on the
kλ-rank of F , the claim is shown in this case.
For q = 2, this follows from the case of q = 0 by Poincare´ duality. 
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Proposition 5.5. Assume that D is a division algebra with qD ≤ 1. For any finite oEλ-
algebra R, HqD(SK , F¯
K
(k,w),oEλ
) is λ-torsion free in C¯TΣ, and
HqD(SK , F¯
K
(k,w),R) = H
qD(SK , F¯
K
(k,w),oEλ
)⊗oEλ R
holds in C¯TΣ.
Proof of Proposition 5.5. The claim is clear for definite quaternion algebras. So we may
assume that qD = 1, and D defines a Shimura curve. In the following exact sequence
H0(SK , F¯
K
(k,w),kλ
) −→ H1(SK , F¯K(k,w),oEλ )
λ−→ H1(SK , F¯K(k,w),oEλ )
−→ H1(SK , F¯K(k,w),kλ) −→ H2(SK , F¯K(k,w),kλ),
Hq(SK , F¯
K
(k,w),kλ
) for q = 0, 2 are of residual type by Lemma 5.4. ThusH1(SK , F¯
K
(k,w),oEλ
)
is λ-torsion free, and H1(SK , F¯
K
(k,w),oEλ
)⊗oEλ kλ = H1(SK , F¯K(k,w),kλ) in C¯TΣ . For general
coefficient R, we reduce to the case when R has a finite length, and in that case it follows
from an induction on lengthR. 
Proposition 5.6. For a finite complex L = (L·, d·) of finite free oEλ-modules, define LR
by LR = (L
· ⊗oEλ R, d· ⊗ idR) for any finite oEλ-algebra R. Then the following properties
are equivalent:
(1) For any finite oEλ-algebra R, LR is exact.
(2) Lkλ is exact.
(3) L is exact, and the image of di : Li → Li+1 in Li+1 is an oEλ-direct summand for
any i.
The verification is left to the reader.
Definition 5.7. Let L be a finite complex of finite free oEλ-modules. If L satisfies the
equivalent conditions in Proposition 5.6, we say L is universally exact. For an oEλ-
homomorphism f : L0 → L1 between finite free oEλ-modules, f is called universally injective
if [0→ L0 f→ L1] is universally exact.
5.3. Cohomological universal injectivity.
Proposition 5.8. Let D be a division quaternion algebra with qD ≤ 1. For an F -
factorizable small compact open subgroup K of GD(AQ,f ) and a compact open subgroup
K ′ of K,
HqD(SK , F¯
K
(k,w),oλ
)
π∗
K′,K−→ HqD(SK ′ , F¯K ′(k,w),oλ)
is universally injective up to modules of residual type.
Proof of Proposition 5.8. By Proposition 5.5 and 5.6, it is sufficient to show the kernel of
HqD(SK , F¯
K
(k,w),kλ
)
π∗
K′,K−→ HqD(SK ′ , F¯K ′(k,w),kλ)
is a module of residual type. If qD = 0, this is clear. So we may assume that qD = 1.
Moreover, by replacing K ′ by an F -factorizable open subgroup, it is enough to consider the
case whenK ′ is a normal subgroup ofK. π∗K ′,K is an e´tale torsor underG = (F
×∩K)·K ′\K,
so we have the following exact sequence
H1(G,H0(SK ′ , F¯
K ′
(k,w),kλ
)) −→ H1(SK , F¯K(k,w),kλ)
π∗
K′,K−→ H1(SK ′ , F¯K ′(k,w),kλ).
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For Σ = ΣK ′ ∪ {v|ℓ}, the action of TΣ on N = H0(SK ′, F¯K ′(k,w),kλ) commutes with the
G-action on N , and is of residual type by Lemma 5.4. So H1(G,N) is also of residual
type. 
Let D be a division quaternion algebra with qD ≤ 1. For an F -factorizable compact
open subgroup K of GD(AQ,f), assume that D is split at v, and the v-component of K is
GL2(oFv)
′ = ker(GL2(oFv)
det→ o×Fv → k(v)×).
Let pri,v : SK0(v)∩K → SK (i = 1, 2) be two degeneracy maps defined as follows. pr2 =
πK0(v)∩K,K is the canonical projection corresponding to the inclusion K ∩ K0(v) ⊂ K,
pr1 = πa(pv)−1(K0(v)∩K)a(pv),K ◦ R(a(pv)−1) is the projection twisted by the conjugation by(
1 0
0 pv
)
at v, that is,
Kv ∩K0(mv) −→ Kv ∩
(
1 0
0 pv
)−1
K0(mFv)
(
1 0
0 pv
)
= Kv ∩Kop(v) ⊂ Kv.
Here Kop(v) = Kop(mFv) ·Kv, and Kop(mFv) = {tg; g ∈ K0(mFv)}.
By the definition, SK
pr1← SK∩K0(v)
pr2→ SK is equal to [Ka(pv)K] as a correspondence.
Consider the map
HqD(SK , F¯(k,w),oEλ
)⊕2
pr∗1 +pr
∗
2−→ HqD(SK0(v)∩K , F¯(k,w),oEλ ).
Later in §10, we need a universal injectivity (Ihara’s Lemma) in the calculation of congru-
ence modules. We state it as a hypothesis here.
Hypothesis 5.9 (Cohomological universal injectivity). Let D be a quaternion algebra over
F with qD ≤ 1 which is split at a finite place v. Assume that K is an F -factorizable compact
open subgroup of GD(AQ,f ), with the v-component Kv = GL2(oFv )
′. For a discrete infinite
type (k,w), if v|ℓ, we further assume that kι = 2 and w = 0 for any ι ∈ IF,v.
Then
HqD(SK , F¯(k,w),oEλ
)⊕2
pr∗1 +pr
∗
2−→ HqD(SK∩K0(v), F¯(k,w),oEλ )
is universally injective.
As for the validity of Hypothesis 5.9, we prove the following theorem.
Theorem 5.10. Hypothesis 5.9 is true when qD = 0.
Before beginning the proof of Theorem 5.10, let us recall the following general fact.
Lemma 5.11. Assume that f1 : X → X1, f2 : X → X2 are two surjective maps between
finite sets.
(1)
0→ ker(f∗1 + f∗2 ) −→ H0(X1, oEλ)⊕H0(X2, oEλ)
f∗1+f
∗
2−→ H0(X, oEλ)
is universally exact.
(2) ker(f∗1 +f
∗
2 ) is identified with H
0(X1∐XX2, oEλ). Here X1∐XX2 is the coproduct
with respect to f1 and f2.
A proof of (1) is found in [46], lemma 4, case 1. We give a proof based on the theorem
of van Kampen.
Proof of Lemma 5.11. For any oEλ-algebra R, define a complex LR of R-modules by
LR = [H
0(X1, R)⊕H0(X2, R) f
∗
1+f
∗
2−→ H0(X, R)].
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Here the components are placed at degree 0 and 1. The formation R 7→ LR commutes with
any extension of scalars R→ R′: LR ⊗R R′ = LR′ holds.
It is easily seen that H0(LR) is identified with the cohomology group of the coproduct
H0(X1 ∐X X2, R). The identification is
H0(X1 ∐X X2, R) (g
∗
1 ,−g
∗
2)−→ H0(X, R)⊕2
for the maps defined by the following commutative diagram.
X
f1−−−−→ X1
f2
y g1y
X2
g2−−−−→ X1 ∐X X2
It follows that the formation R 7→ H0(LR) also commutes with any extension of scalars.
So H1(LR) must satisfy the same property since LoEλ is a perfect complex of oEλ-modules.
This implies that H1(LoEλ ) is locally free. 
Proof of Theorem 5.10. Define Σ′ by Σ′ = ΣK ∪ {v} ∪ {u : u|ℓ}. First we show 5.10 when
the infinity type (k,w) is ((2, . . . , 2), 0).
Let T be the Q-torus ResF/QGm,F , U∞ = T (R). For a compact open subgroup U of
T (AQ,f), define SU (T ) by
SU(T ) = T (Q)\T (AQ)/U × U∞.
For any compact open subgroup K˜ of GD(AQ,f ), the reduced norm ND/F induces a surjec-
tive map
αK˜ : SK˜
ND/F−→ SND/F (K˜)(T ),
which we call the augmentation map.
Since the augmentation maps are functorial with respect to K˜, and ND/F (K) = ND/F (K∩
K0(v)), αK∩K0(v) · pri = αK for i = 1, 2, which induces a surjective map
(∗) β : SK ∐SK∩K0(v) SK −→ SND/F (K)(T ).
We show that β is an isomorphism. In the decomposition
H0(SK ,C) ≃ IK(k,w),C ⊕ (
⊕
π∈A(k,w)(GD(AQ))
πKf ),
in §4.4, the map
H0(SK , C)
⊕2 pr
∗
1 +pr
∗
2−→ H0(SK∩K0(v), C)
is injective on the part parametrized by A(k,w)(GD(AQ)). By definition, I
K
(k,w),C is identified
with H0(SND/F (K)(T ),C), and is regarded as the kernel V of (∗) via the embedding
IK(k,w),C
(iK ,−iK)−→ (IK(k,w),C)⊕2 →֒ H0(SK , C)⊕2,
where iK : I
K
(k,w),C →֒ H0(SK , C) is the inclusion. On the other hand, by Lemma 5.11
(2), V is canonically isomorphic to H0(SK∩K0(v)
∐
SK
SK∩K0(v), C). So the source and the
target of (∗) have the same cardinalities, and β must be an isomorphism.
We apply Lemma 5.11 to pr1, pr2 : SK∩K0(v) → SK . It follows that the kernel of
H0(SK , kλ)
⊕2 pr
∗
1 +pr
∗
2−→ H0(SK∩K0(v), kλ)
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is canonically isomorphic to H0(SND/F (K)(T ), kλ). In particular the action of TΣ′ is of
residual type, since the constituants as D×(AΣ
′
f )-representations are all one dimensional
over k¯λ.
We prove the general case. By the definition of F¯(k,w),oEλ
, F¯(k,w),kλ is trivialized in
GD(AℓQ,f )-equivariant way on SK ′ . Here K
′ = K ′ℓ ·Kℓ, K ′ℓ =
∏
u|ℓK(mFu) ∩ Ku if v ∤ ℓ,
K ′ℓ = Kv ·
∏
u|ℓ,u 6=vK(mFu) ∩Ku if v|ℓ. In the following commutative diagram
H0(SK , F¯
K
(k,w),kλ
)⊕2
pr∗1 +pr
∗
2−−−−−→ H0(SK∩K0(v), F¯K∩K0(v)(k,w),kλ )y y
H0(SK ′ , F¯
K ′
(k,w),kλ
)⊕2
pr∗1 +pr
∗
2−−−−−→ H0(SK ′∩K0(v), F¯K
′∩K0(v)
(k,w),kλ
),
the restriction maps in the vertical arrows are injective. Since the kernel is of residual type
in the case of constant coefficient kλ and F¯
K ′
(k,w),kλ
is trivialized, the general case follows. 
Remark 5.12. In [12], the universal injectivity (Ihara’s Lemma) is proved for division
quaternion algebra D over Q in the following cases: D is definite, with “Eisenstein” instead
of “residual type”. When D is indefinite, there are some restrictions on ℓ and (k,w) to
apply the p-adic Hodge theory.
The universal injectivity when qD = 1 will be treated, by assuming that there is a finite
place u|ℓ where D is split.
5.4. Cohomological universal exactness. In this paragraph we show a cohomological
universal exactness from K ∩K11(vn−1) to K ∩K11(vn) for n ≥ 1. This case turns out to
be easier than the K0(v)-case.
Assume that D is a quaternion algebra over F which defines either a Shimura curve or a
Hida variety, and is split at a finite place v. K is an F -factorizable compact open subgroup
of GD(AQ,f ), with the v-component Kv = GL2(oFv )
′.
Let pri,v : SK11(vn)∩K → SK∩K11(vn−1) (i = 1, 2) be two degeneracy maps defined as
follows. pr2 is the canonical projection corresponding to the inclusion K ∩ K11(vn) ⊂
K ∩K11(vn−1), pr1 is the projection twisted by the conjugation by
(
1 0
0 pv
)
at v, that is,
Kv ∩K11(mnv )→ Kv ∩
(
1 0
0 pv
)−1
K11(m
n
v )
(
1 0
0 pv
)
⊂ Kv ∩K11(mn−1Fv ).
pr′1, pr
′
2 : SK∩K11(vn)∩K0(vn+1) → SK∩K11(vn) are both defined in a similar way. We use
the same notations in the case of K1, too.
Proposition 5.13. Assume that D is a division quaternion algebra over F which satisfies
qD = ♯ID ≤ 1, and is split at a finite place v. K is an F -factorizable compact open small
subgroup of GD(AQ,f ), with the v-component Kv = GL2(oFv)
′. For a discrete infinite type
(k,w), assume that kι = 2 and w = 0 for any ι ∈ IF,v if v|ℓ. For n ≥ 1,
0→ HqD(SK∩K11(vn−1), F¯(k,w),R)
(pr∗2,−pr
∗
1)−→ HqD(SK∩K11(vn), F¯(k,w),R)⊕2
pr′1
∗+pr′2
∗
−→ HqD(SK∩K11(vn)∩K0(vn+1), F¯(k,w),R)
is exact for any finite oEλ-algebra R up to residual type modules. The same is true for K1.
Proposition 5.13 is proved in [51], lemma 2.5 in the case of D =M2(Q) and F(k,w),oEλ =
oEλ , assuming v ∤ ℓ.
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Proof of Proposition 5.13. We prove the proposition for K11. K1-case is proved in the same
way.
By Proposition 5.2, the cohomology groups commutes with the extension of scalars up
to residual type modules. So we may assume that R = kλ.(
1 0
0 pv
)−1
K11(m
n−1
Fv
)
(
1 0
0 pv
)
= {g ∈ GL2(oFv); g =
(
a b
c d
)
, a, d ≡ 1 mod mn−1Fv , b ∈ mFv , c ∈ mn−1Fv }
= K11(m
n−1
Fv
) ∩Kop(mFv)
and (
1 0
0 pv
)−1
(K11(m
n
Fv) ∩K0(mn+1v ))
(
1 0
0 pv
)
= K11(m
n
Fv) ∩K(mFv)
hold. So the commutative diagram
(∗)
SK∩K11(vn)∩K0(vn+1)
pr′1−−−−→ SK∩K11(vn)
pr′2
y pr1y
SK∩K11(vn)
pr2−−−−→ SK∩K11(vn−1)
is factorized into
SK∩K11(vn)∩K0(vn+1)
R(a(pv)−1)−−−−−−−→ SK∩K11(vn)∩K(v)
pr′2
y y
SK∩K11(vn)
R(a(pv)−1)−−−−−−−→ SK∩K11(vn−1)∩Kop(v)
pr2
y y
SK∩K11(vn−1) −−−−→ SK∩K11(vn−1),
and (∗) is isomorphic to
Z = SK11(vn)∩K(v)∩K
α′−−−−→ Y = S(Kv∩K11(mn−1Fv )∩K0(mFv ))·Kv
β′
y βy
Y ′ = SK11(vn)∩K
α−−−−→ X = SK11(vn−1)∩K .
Here the arrows in the second diagram is obtained by inclusions of compact open sub-
groups. We write f = α · β′ = β · α′.
Lemma 5.14. In the notations as above,
(1) The coproduct Y ∐Z Y ′ is isomorphic to X.
(2) For any oEλ-sheaf F on X,
0 −→ F −→ α∗α∗F ⊕ β∗β∗F −→ f∗f∗F
is exact.
Proof of Lemma 5.14. We check the claim fiberwise. Take a geometric point x of X. Then
the fibers α−1(x), β−1(x), and f−1(x) over x are all K11(m
n−1
Fv
)∩Kv-homogeneous spaces,
and are identified with the following left K11(m
n−1
Fv
) ∩ Kv-spaces, respectively: When
n = 1, SL2(k(v))/A · N (A is the group of the scalar matrices represented by a unit
of F , N the standard unipotent subgroup consisting of the upper triangular matrices),
SL2(k(v))/A · Bop (Bop is the opposite Borel subgroup consisting of the lower triangular
matrices), SL2(k(v))/A. Since N and B
op generates SL2(k(v)), the claim follows from the
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following remark: for a group G and subgroupsH1 and H2 which generate G, the coproduct
G/H1 ∐G G/H2 is a point (the pullback to G of a C-valued function on the coproduct is
right H1 and H2-invariant, and hence is a constant function). The claim for n ≥ 2 is proved
in the same way.
(2) follows from (1) by applying Lemma 5.11 fiberwise.

Consider the complex
L = [α∗α
∗
F¯(k,w),oEλ
⊕ β∗β∗F¯(k,w),oEλ −→ f∗f
∗
F¯(k,w),oEλ
]
where the components are placed in degree −1 and 0. This is a perfect complex of oEλ-
modules on X and the cohomology sheaves are locally constant since all components are
locally constant sheaves. By Lemma 5.14, for any oEλ-sheaf G on X, H
−1(L ⊗LoEλ G )
is isomorphic to F¯(k,w),oEλ
⊗oEλ G , and hence exact in G . Since non-trivial cohomology
sheaves of L are located in degree −1 and 0, H = H0(L) is a smooth oEλ-sheaf. Let H ′
be the image of α∗α
∗F¯(k,w),oEλ
⊕ β∗β∗F¯(k,w),oEλ in f∗f
∗F¯(k,w),oEλ
.
In summary, we have exact sequences
0 −→ F¯(k,w),oEλ −→ α∗α
∗
F¯(k,w),oEλ
⊕ β∗β∗F¯(k,w),oEλ −→ H
′ −→ 0,
and
0 −→ H ′ −→ f∗f∗F¯(k,w),oEλ −→ H −→ 0.
Here, H and H ′ are oEλ-smooth sheaves, and hence the exactness of the above sequences
is preserved by any scalar extensions. In the case of qD = 0, the claim follows immediately.
In the case of qD = 1, we make use of the action of HoEλ = H(D
×(AΣF,f), K
Σ)oEλ , and
work in C¯TΣ . As in the proof of Theorem 5.10, we take a finite set of finite places Σ which
contains ΣK , v, and all places dividing ℓ.
In the exact sequence
H0(X,H ′kλ) −→ H1(X, F¯(k,w),kλ) −→ H1(X,α∗α∗F¯(k,w),kλ ⊕ β∗β∗F¯(k,w),kλ)
−→ H1(X,H ′kλ) −→ H2(X, F¯(k,w),kλ)
H0(X, H ′kλ) and H
2(X, F¯(k,w),kλ) are modules of residual type by Lemma 5.14, and hence
vanishes in C¯TΣ .
To show the injectivity of H1(X,H ′kλ)→ H1(X, f∗f∗F¯(k,w),kλ), it suffices to prove that
H0(X,Hkλ) is of residual type.
f∗Hkλ is an D
×(AΣF,f )-equivariant quotient of f
∗f∗f
∗F¯(k,w),kλ, and f
∗f∗f
∗F¯(k,w),kλ =
f∗f∗F¯
K∩K11(vn)∩K0(vn+1)
(k,w),kλ
is isomorphic to a direct sum of copies of F¯
K∩K11(vn)∩K0(vn+1)
(k,w),kλ
in a D×(AΣF,f )-equivariant way. Thus H
0(Z, f∗Hkλ) is of residual type by Lemma 5.14.
H0(X,Hkλ) is a submodule of H
0(Z, f∗Hkλ) and hence vanishes in C¯TΣ .

6. Nearly ordinary automorphic representations
6.1. Renormalization of cohomological Hecke correspondences. We fix a place v
which divides ℓ. For K = GL2(oFv ), we have the Cartan decomposition
GL2(Fv) = ∪(a,b)∈Z2,a≤bK
(
pav 0
0 pbv
)
K.
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Definition 6.1. (1) For an infinity type (k,w) and a place v dividing ℓ, the v-type is
defined as a pair (kv , w), where kv = (kι)ι∈IF,v . Here we regard IF,v (cf. §4.3) as a
subset of IF,∞ by E¯λ ≃ C.
(2) For h ∈ GL2(Fv), a pair of integers (av(h), bv(h)) is defined byKhK = K
(
pav(h) 0
0 p
bv(h)
v
)
K
for K = GL2(oFv). (av(h), bv(h)) depends only on h under the condition that
av(h) ≤ bv(h).
(3) For an element g ∈ GD(AQ,f),
mv(g) =
∏
ι∈IF,v
(ι(pv))
w·av(gv)+k′ι·(bv(gv)−av(gv))
is the multiplier of g at v with respect to the v-type (kv , w) and pv. Here k
′
ι is defined
as 4.1, and k′v = (k
′
ι)ι∈IF,v .
Then (gv)
−1(V(k,w),oEλ
) ⊂ mv(g)·V(k,w),oEλ , and (R(g
−1))∗F¯(k,w),oEλ
⊂∏v|ℓmv(gv)F¯(k,w),oEλ .
For an F -factorizable compact open subgroup K of GD(AQ,f ), one defines a cohomological
correspondence of F¯(k,w),oEλ
by using (
∏
v|ℓmv(gv))
−1R(g−1)∗ at v|ℓ whenKv is a subgroup
of GL2(oFv).
Definition 6.2. (1) For an F -factorizable compact open subgroup K of GD(AQ,f), the
renormalized cohomological correspondence [KgK]ren is the correspondence given by
(
∏
v|ℓmv(gv))
−1R(g−1)∗.
(2) For a uniformizer pv of Fv, U˜(pv) and U˜(pv, pv) is the renormalized U(pv) and
U(pv, pv)-operators defined by [Ka(pv)K]
ren and [Kb(pv)K]
ren, respectively.
Note that this renormalization depends on the choice of infinity type (k,w), and the
choice of an isomorphism Q¯ℓ ≃ C.
Since the renormalized correspondence preserves the oEλ-lattices, we have
Proposition 6.3. Let π be a representation in A(k,w)(GD) with a discrete infinity type.
Assume that D is split at the places dividing ℓ. For any F -factorizable compact open
subgroup K, and any eigenvalue α of χKgK : π
K → πK , the inequality
val(α) ≥
∑
v|ℓ
val(mv(g))
= w
∑
v|ℓ
[Fv : Qℓ] · av(gv)val(pv) +
∑
v|ℓ
(
∑
ι∈IF,v
k′ι · (bv(gv)− av(gv)))val(pv)
holds. Here val : E¯×λ → Q is the additive valuation.
At v, we normalize val by val(ι(pv)) = 1 for ι ∈ IF,v. This definition does not depend on
the choice of a uniformizer.
For a quasi-character µ : F×v → E¯×λ , the slope of µ is defined by
slope(µ) = val(µ(pv)),
where pv is a uniformizer at v.
Corollary 6.4 (Hida, [23], theorem 4.11). Let π be a representation in A(k,w)(GD) with a
discrete infinity type, ρFv the F -semi-simple representation of the Weil-Deligne group W
′
F
over E¯λ corresponding to πv by the local Langlands correspondence [29]. Assume that χ is
a subrepresentation of ρFv . Then the inequality
slope(χ) ≥
∑
ι∈IF,v
k′ι
52 KAZUHIRO FUJIWARA
holds.
Hida proves the theorem including limit discrete series by using Hilbert modular varieties,
that is, in the case when kι ≥ 1 for all ι ∈ IF,∞.
6.2. Nearly ordinary automorphic representations. We consider the local restrictions
of the Galois representation attached to automorphic representations when the residual
characteristic p is ℓ, and define the notion of minimality. In this article, nearly ordinary
representations are mainly considered for v|ℓ.
Let π be a cuspidal representation GL2(AF ) of discrete infinity type (k,w). The local
restriction of the associated ℓ-adic representations ρπ,λ|GFv for v|ℓ is a potentially stable
representation in the sense of Fontaine unless k = (2, . . . 2) (see [42]. It is enough to
show this over some finite extension of Fv, and the claim follows from Carayol [6], Blasius-
Rogawski [3], and de Jong’s method of alteration [8] and Tsuji’s theorem [48]). If k =
(2, . . . , 2), we assume that d is odd, or π admits an essentially square integrable local
component. For potentially stable ℓ-adic representations, T. Saito [41] has constructed a
representation of the Weil-Deligne group W ′Fv over E¯λ.
Here we make a temporary construction in some one dimensional cases. We assume that
all continuous field embeddings Fv →֒ E¯λ factors through Eλ.
For a quasi-character µ : F×v → E×λ and an integral vector k′v = (k′ι)ι∈IF,v ∈ ZIF,v which
satisfies
slope(µ) =
∑
ι∈IF,v
k′ι,
we define the associated ℓ-adic character Lk′v(µ).
Let L (pv) be the Lubin-Tate formal group over oFv attached to pv, χpv : GFv → o×Fv →֒
o×Eλ the Galois representation attached to pv-divisible group L (pv)[p
∞
v ]. It is explicitly
given as follows. The splitting Z→ F×v of
1 −→ o×Fv −→ F×v
val−→ Z −→ 0
given by 1 7→ pv induces the projection α : F̂×v ։ o×Fv . α(x) = x · p
−val(x)
v for x ∈ F×v .
By our normalization of the Galois module associated to p-divisible groups, χpv is the
composition of GabFv ≃ F̂×v
α→ o×Fv
(−)−1→ o×Fv →֒ o×Eλ .
We define a quasi-character µpv : F
×
v → E×λ by
µpv(x) = µ(x)/
∏
ι∈IF,v
ι(pval(x)v )
k′ι .
Then µpv takes the values in o
×
Eλ
, extends to a continuous character of F̂×v , and is regarded
as a character of GFv by the local class field theory.
Lk′v(µ) = µpv ·
∏
ι∈IF,v
(ι ◦ χpv)k
′
ι : GFv −→ o×Eλ
is independent of any choice of pv.
Definition 6.5 (Hida). Let π be a cuspidal representation of GL2(AF ) of infinity type
(k,w) defined over E¯λ, and v a finite place of F which divides ℓ.
(1) Let ρv be the F -semi-simple representation of the Weil-Deligne group W
′
Fv
over E¯λ
which corresponds to πv by the local Langlands correspondence. We say π is nearly
ordinary at v if ρv contains a character µv as a subrepresentation, and the slope of
µv satisfies
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slope(µv) =
∑
ι∈IF,v
k′ι.
The character µv is called a nearly ordinary character of π at v.
(2) Assume that π is nearly ordinary at v with nearly ordinary character µv. A non-
zero vector z in the representation space V of πv is called a nearly ordinary vector
if
πv(
(
a ∗
0 d
)
) · z = χ1,v(a)|a|vχ2,v(d)z, a, d ∈ F×v ,
holds for some quasi-character χ1,v, and χ2,v = µv. µv|o×Fv is a nearly ordinary type
of π at v.
(3) For a quaternion algebra D central over F , assume that D is split at the places
dividing ℓ. Then for a place v dividing ℓ and a representation π ∈ A(k,w)(GD),
π is nearly ordinary at v if the Jacquet-Langlands correspondent JL(π) is nearly
ordinary at v.
In other words, π is nearly ordinary at v if and only if U˜(pv)-operator has an ℓ-adic unit
eigenvalue. In the case when kι ≥ 2 for any ι ∈ IF,v, a nearly ordinary character µv is
unique, since slope(χ1,v) = slope(χ2,v) +
∑
ι∈IF,v
(kι − 1) holds.
Conjecture 6.6. For a cuspidal representation π of GL2(AF ) of infinity type (k,w), as-
sume that π is nearly ordinary at v with nearly ordinary character µv. Let ρ = ρπ,Eλ be the
ℓ-adic representation associated to π. Then the local representation ρ|Fv is reducible, and
contains Lk′v(µv) as a subrepresentation.
Hypothesis 6.7 (Local monodromy hypothesis). Conjecture 6.6 is true for π with discrete
infinity type (k,w) if one of the following conditions hold:
• The degree d is odd.
• d is even, and π has an essentially square integrable component πu for some finite
place u.
Hypothesis 6.7 is known to hold in many cases.
Theorem 6.8. Hypothesis 6.7 is true in the following cases:
(1) π is nearly ordinary at all v|ℓ.
(2) The infinity type of π is ((2, . . . , 2), 0), and the degree d is odd, or d is even and π
has an essentially square integrable component at some finite place u ([51], lemma
2.1.5).
The case of (1) follows from the case of (2) by Hida’s control theorem of nearly ordinary
Hecke algebras [24], and the existence of Galois representations. The method of [51] is used
there. Since π is obtained as a specialization of Hida family, it suffices to check Hypothesis
6.7 for the Galois representation attached to the nearly ordinary Hecke algebra. Since the
algebraic points corresponding to cuspidal representations with infinity type ((2, . . . , 2), 0)
are dense, the claim follows from (2). For (2), see [51], theorem 2.1.4 when πv belongs to
principal series. When πv is a (twisted) special representation, (2) follows from [21].
Remark 6.9. A proof of Hypothesis 6.7 will be given if the residual representation is not
of residual type in a forthcoming article. For v|ℓ, we construct an ℓ-adic family of cuspidal
representations which are nearly ordinary at v, and reduce to the case of (2).
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6.3. Modularity and minimality. As in the introduction, an absolutely irreducible mod
ℓ Galois representation ρ¯ : GΣ → GL2(kλ) is modular if there is an ℓ-adic field Eλ and a
cuspidal representation π on GL2(AF ) of discrete infinity type (k,w) such that the finite
part πf is defined over Eλ, and ρ¯ ≃ ρπ,Eλ mod λ over k¯λ. In §7, we need to choose π with
a distingushed property. We make the following temporaly definition for such a choice.
For s ∈ C, ωs : F×\A×F → C is the Hecke character defined by
ωs(x) = |x|s.
If s is an integer, this is an algebraic Hecke character, and the ℓ-adic representation asso-
ciated to ωs is χ
s
cycle by our normalization of the reciprocity map.
Definition 6.10. Let α be an integer.
(1) For a character µ¯ : GF → k×λ , let (µ¯)lift be the Teichmu¨ller lift of µ¯. We view
ν = (µ¯)lift · (χℓcycle)w+1 as a Hecke character of finite order by the class field theory.
Then the algebraic Hecke character associated to µ¯ of weight 2α is defined as
χHeckeµ¯,α = ν · ω−α.
(2) For ρ¯ : GF → GL2(kλ), and an integer α, χHeckedetρ¯,α is denoted by χHeckeρ¯,α .
By the definition, the λ-adic representation χµ¯,α : GF → o×Eλ of weight 2α attached to
χHeckeµ¯,α is given by
χρ¯,α = (detρ¯)lift · (χcycle,ℓ)−α.
Definition 6.11. Let ρ¯ be a modular mod ℓ-representation with a minimal deformation
type Dmin. A cuspidal representation πmin of GL2(AF ) with a discrete infinity type (k,w)
defined over Eλ is called a minimal lift of ρ¯ if the following properties hold:
(1) ρπ,Eλ is a deformation of ρ¯.
(2) ρπ,Eλ|GFv for v ∤ ℓ is a finite deformation of ρ¯|Fv .
(3) The central character of πmin is χ
Hecke
ρ¯,w .
(4) If defDmin(v) = fl, the v-type (kv, w) is ((2, . . . , 2), w), and πv ⊗µ−1v is spherical for
some quasi-character µv. µv · | · |
w
2
v takes the values in o
×
Eλ
, µv|o×Fv has order prime
to ℓ. µv is called a flat twist character, and µv|o×Fv the flat twist type of π at v.
(5) If v|ℓ and defDmin(v) = n.o.f .,n.o., πmin is nearly ordinary at v. For the nearly
ordinary character µv, the nearly ordinary type µv|o×Fv has the order prime to ℓ.
Lk′v(µv) is a lift of the nearly ordinary type κ¯v of ρ¯|Fv .
(6) If defDmin(v) = n.o.f ., the v-type (kv , w) is ((2, . . . , 2), w), and πv⊗µ−1v is spherical
for the nearly ordinary character µv.
Remark 6.12. (1) Assume the following condition is satisfied at v ∤ ℓ: ρ¯|GFv is of type
0NE, or ρ¯|GFv is absolutely reducible and ramified at v with dimkλ ρ¯IFv = 1.
Then the condition (2) for v ∤ ℓ is equivalent to the equality of conductors
condπv = Artρ¯|IFv .
(2) If the conditions (4)-(6) at v|ℓ is satisfied for a modular lift π, by the results of [15],
[25], [26], [35], one finds πmin so that (2) and (3) are satisfied.
We define the K-type (Gρ¯|Fv ,K∗(ρ¯|Fv), ν∗(ρ¯|Fv)) for ∗ = fl,n.o.f .,n.o. from ρ¯ : GF →
GL2(kλ) and the v-type (kv, w).
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Definition 6.13. Let ρ¯ be a mod ℓ-representation with a deformation type D and a v-type
(kv, w).
(1) When defD (v) = fl, kv = (2, . . . , 2), and for the flat twist character κ¯v of ρ¯|Fv ,
a quasi-character χ is called an automorphic flat twist character if χ · | · |
w
2
v takes
the values in oEλ and the reduction mod λ is κ¯v · χ¯
w
2
cycle. νv = χ|o×Fv is called the
automorphic flat twist type at v.
(2) When defD(v) = n.o.f .,n.o., for the nearly ordinary character κ¯v of ρ¯|Fv , a quasi-
character χ of slope
∑
ι∈IF,v
k′ι is called an automorphic nearly ordinary character
if χ|o×Fv has order prime to ℓ, and Lk′v(χ) mod λ = κ¯v. νv = χ|o×Fv is called the
automorphic nearly ordinary type at v.
An automorphic twist type is unquely determined from ρ¯ and (kv, w).
Definition 6.14. Let ρ¯ be a mod ℓ-representation with a deformation type D and a discrete
infinity type (k,w).
(1) Gρ¯|Fv = GL2(Fv) for v|ℓ.
(2) If defD (v) = fl, let νv be the automorphic flat twist type of ρ¯. Then
Kfl(ρ¯|Fv) = GL2(oFv)
with the K-character νfl(ρ¯|Fv) : Kfl(ρ¯|Fv) det→ o×Fv
νv→ o×
D
.
(3) If defD (v) = n.o.f . let νv be the automorphic nearly ordinary type of ρ¯. Then
Kn.o.f .(ρ¯|Fv) = GL2(oFv )
with the K-character νn.o.f .(ρ¯|Fv) : Kn.o.f .(ρ¯|Fv) det→ o×Fv
νv→ o×
D
.
(4) If defD (v) = n.o. let νv be the automorphic nearly ordinary type of ρ¯. Then
Kn.o.(ρ¯|Fv) = µℓ∞(F ) ·K1(mFv)
with the K-character νn.o.(ρ¯|Fv ) : Kn.o.(ρ¯|Fv) det→ o×Fv
νv→ o×
D
.
Similarly as in §3.7, the intertwining space is defined as
IdefD (v)(ρ¯|Fv , πv) = HomKdefD (v)(νdefD(v)(ρ¯|Fv), πv).
As an analogue of proposition 3.29, we have
Proposition 6.15. For a cuspidal representation π of infinity type (k,w) giving ρ¯, assume
that π is nearly ordinary at v and we are in case 6.11, (4). Then the part U˜(pv)-operator
has an ℓ-adic unit eigenvalue in IdefD(v)(ρ¯|Fv , πv) is at most one dimensional.
Proof of Proposition 6.15. By twisting, we may assume that the twist type at v is trivial.
The only non-trivial statement in 6.15 is the case when πv is spherical and defD(v) = n.o.,
since In.o.(ρ¯|Fv , πv) is two dimensional. For the two eigenvalues αv, βv, slopes are different
as in §6.2. So the only one eigenvalue of U˜(pv)-operator is an ℓ-adic unit. 
Remark 6.16. If defD (v) = n.o.,n.o.f . and ρ¯|Fv is semi-simple, we must specify the nearly
ordinary type as in §3.8, since the possibility is not unique. So the notion of minimal lift
depends on this choice.
7. Universal modular deformations
As is recalled in the introduction, the existence of the λ-adic representation GF →
GL2(T ⊗oEλ Eλ) is known, where T is a certain ℓ-adic Hecke algebra attached to automor-
phic representations. It is quite important to know the existence of a Galois representation
having the values in GL2(T ), which can be seen as a deformation of a mod ℓ-representation.
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In this section, we construct it when the residual representation is absolutely irreducible,
and study the local deformation properties. The local behavior is controled by the compat-
ibility of the local and the global Langlands correspondences at the places outside ℓ. At a
place dividing ℓ, we need much finer information beyond the general theory still.
The discovery of Galois representations having values in ℓ-adic Hecke algebras is due
to Hida (in the case of Q, and for ordinary Hecke algebras [22]). We use the method of
pseudo-representations of Wiles [51] to construct the Galois representation.
7.1. Hecke algebras. Let S(k,w)(GD) be a GD(AQ,f)-representation over E¯λ defined by
S(k,w)(GD) =
⊕
π∈A(k,w)(GD)
πf .
Here S(k,w)(GD) is defined up to isomorphisms, and for a compact open subgroup K of
GD(AQ,f ), the K-fixed part S(k,w)(GD)
K is finite dimensional over E¯λ.
For an algebraic Hecke character χ : F×\A×F → C×, S(k,w),χ(GD) is defined as the
subspace parametrized by A(k,w),χ(GD).
For an F -factorizable compact open subgroup K of GD(AQ,f) and a finite set of finite
places Σ which contains ΣK , the reduced Hecke algebra generated by the standard Hecke
operators is defined by
T ßK,Σ = Z[Tv, Tv,v, v 6∈ Σ] ⊂ EndZS(k,w)(GD)K ,
and for a commutative ring R,
T ßK,Σ,R = T
ß
K,Σ ⊗Z R.
T ßK,Σ is commutative by the definition, and T
ß
K,Σ,E¯λ
acts faithfully on S(k,w)(GD)
K . It
is known that T ßK,Σ is finite free over Z since it fixes a Z-lattice in S(k,w)(GD)
K .
For an ℓ-adic integer ring oλ and Σ which contains all places dividing ℓ, an oλ-algebra
homomorphism f : T ßK,Σ,oλ → oλ corresponds to an admissible irreducible D×(AΣF,f )-
representation of the form πΣ =
⊗
v 6∈Σ πv for some cuspidal representation π ∈ A(k,w)(GD)
defined over Eλ. By the strong multiplicity one theorem for GL2 and their inner twists, π
is uniquely determined from f , and f is denoted by fπ. In this way we may identify such
an oλ-homomorphism f with a representation π ∈ A(k,w)(GD) which is defined over Eλ and
satisfies (πf )
K 6= {0}.
In terms of the Hecke algebra homomorphism fπ attached to π ∈ A(k,w)(GD), the Galois
representation ρπ,E¯λ is described as follows. For an F -factorizable compact open subgroup
K such that πKf 6= {0}, and a finite set of finite places Σ which contains ΣK ∪ {v : v|ℓ},{
traceρπ,E¯λ(Frv) = fπ(Tv)
detρπ,E¯λ(Frv) = qv · fπ(Tv,v) for any v 6∈ Σ
holds. The field of definition Eπ is generated by fπ(Tv) and fπ(Tv,v) for v 6∈ Σ, and the
embedding Eπ →֒ E¯λ determines a valuation λ˜ of Eπ. The Galois representation ρπ,E¯λ is
defined over the completion Eπ,λ′ with respect to λ
′.
7.2. ℓ-adic Hecke algebras attached to deformation types. Let F be a totally real
field, Eλ an ℓ-adic field with ℓ ≥ 3, ρ¯ : GF → GL2(kλ) an absolutely irreducible representa-
tion. Let D be a deformation type of ρ¯. In the following sections, we fix a discrete infinity
type (k,w) which satisfies
IT If defD (v) = fl (resp. n.o.f .) for v|ℓ, the v-type (kv, w) = ((2, . . . , 2), w).
We restrict ourselves to deformation types which satisfy the following conditions:
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D1 oD is an ℓ-adic integer ring.
D2 If defD (v) = fl for v|ℓ, the flat twist type κD,v is Lk′v(χv)|IFv . Here χv is an
automorphic flat twist character (see Definition 6.13).
D3 If defD (v) = n.o.f ,n.o. for v|ℓ, the nearly ordinary type κD,v is Lk′v(χv)|IFv . Here
χv is an automorphic nearly ordinary character (see Definition 6.13).
We view the quotient field ED as a subfield of E¯λ.
Moreover, we assume the following conditions on ρ¯:
MM1 There is a minimal deformation type Dmin such that oDmin = oEλ .
MM2 There is a cuspidal representation πmin of GL2(AF ) with a discrete infinity type
(k,w) such that πmin,f is defined over Eλ, and πmin is a minimal lift of ρ¯ (see
Definition 6.11).
Note that there is a morphism Dmin → D in Type(ρ¯) (Definition 3.32) for some minimal
deformation type Dmin.
We attach a triple (Gρ¯,KD , νD ) to D , where Gρ¯ is an inner twist of ResF/QGL2,F which
depends only on ρ¯, KD is a compact open subgroup of Gρ¯(AQ,f ), and νD : KD → o×D is a
continuous character.
We choose a division quaternion algebra D which satisfies the following conditions:
• For a finite place v, DFv is split unless ρ¯|Fv is of type 0E .
• If ρ¯|Fv is of type 0E at a finite place v, DFv is a quaternion algebra over Fv with
the invariant c2 mod Z, where c is the relative conductor of ρ¯|Fv .• qD = ♯ID ≤ 1.
A quaternion algebra D which satisifies the above conditions exists. We make a choice
from such quaternion algebras, and denote it by D(ρ¯).
qD(ρ¯) ≡ ♯{v : ρ¯|Fv is of type 0E , and the relative conductor is odd}+ d mod 2
holds for d = [F : Q], and D(ρ¯) is split at all places dividing ℓ.
Gρ¯ is defined as ResF/QD(ρ¯)
×. KD is defined as the product
∏
v∈|F |f
KdefD(v)(ρ¯|Fv), and
νD : KD → o×D is the product of νdefD (v)(ρ¯|Fv) : KdefD(v)(ρ¯|Fv)→ o×D . Here (K∗(ρ¯|Fv), ν∗(ρ¯|Fv ))
is a pair of the compact open subgroup of D(ρ¯)×(Fv) and the K-character defined in §3.7
for ∗ = f ,u, and in §6.3 for ∗ = n.o.f .,n.o.,fl.
Definition 7.1. For an absolutely irredicible representation ρ¯ which satisfies MM1 and
MM2, let (Gρ¯,KD , νD ) be a triple defined as above.
(1) I(k,w),D is the intertwining space defined by
I(k,w),D = HomKD (νD ,S(k,w)(Gρ¯)).
(2) For π ∈ A(k,w)(Gρ¯), I(k,w),D(π) = HomKD (νD , πf ).
(3) For an algebraic Hecke character χ : F×\A×F → E¯×λ , I(k,w),D,χ is the subspace which
corresponds to S(k,w),χ(Gρ¯).
I(k,w),D is isomorphic to ⊕π∈A(k,w)(Gρ¯)I(k,w),D(π), and each I(k,w),D(π) is isomorphic to
the tensor product of the local intertwining spaces ⊗v∈|F |f IdefD (v)(ρ¯|Fv , πv).
Definition 7.2. Let ρ¯ be an absolutely irreducible representation which satisfies MM1 and
MM2.
(1) We define a decomposition of ΣD = P
fl ∪ Pn.o. ∪ P f
D
∪ Pu
D
by Pfl = def−1
D
(fl),
Pn.o. = def−1
D
({n.o.,n.o.f .}), P f
D
= def−1
D
(f), and Pu
D
= def−1
D
(u).
P exc = {ρ¯|Fv is of type 0E , and the relative conductor of ρ¯ is odd.} is a subset of
P f
D
∪ Pu
D
.
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(2) The Hecke algebra T˜D is the oD -algebra generated by the following elements in
EndoDI(k,w),D : Tv and Tv,v for v 6∈ ΣD , U(pv) and U(pv, pv) for v ∈ PuD \ P exc,
and U˜(pv) and U˜(pv, pv) for v ∈ Pn.o..
The Hecke algebra T˜D,χ with a fixed central character χ is the image of T˜D in
EndoDI(k,w),D,χ.
(3) The reduced Hecke algebra T˜ ß
D
is the oD -subalgebra of T˜D generated by Tv and Tv,v for
v 6∈ ΣD . T˜ ßD,χ with a fixed central character χ is the image of T˜D in EndoDI(k,w),D,χ
(4) For any oD -algebra R, T˜D,R = T˜D ⊗oD R, T˜D,χ,R = T˜D,χ ⊗oD R. We use the similar
notation for the reduced Hecke algebras.
By the definition, T˜ ß
D
(resp. T˜ ß
D,χ) is a subring of T˜D (resp. T˜D,χ), and T˜D,χ (resp. T˜
ß
D,χ)
is a quotient ring of T˜D (resp. T˜
ß
D
).
We define a maximal ideal mD of T˜D corresponding to ρ¯ as follows.
For a minimal lift πmin, an oEλ-algebra homomorphism fπmin : T˜
ß
Dmin,χρ¯
→ oEλ is defined.
Here χρ¯ = χ
Hecke
ρ¯,w is as in Definition 6.10. For v ∈ Pn.o., let µπmin,v be the nearly ordinary
character of πmin at v (Definition 6.5), κπmin,v = µπmin,v|o×Fv the nearly ordinary type.
By m˜D we denote the maximal ideal of T˜D generated bymoD and the following operators:
• Tv − fπmin(Tv), Tv,v − fπmin(Tv,v) for v 6∈ ΣD .
• U(pv), U(pv, pv)− χρ¯(pv) for v ∈ PuD \ P exc.
• U˜(pv) − απmin,v, U˜(pv, pv) − γπmin,v for v ∈ Pn.o.. απmin,v = (
∏
ι∈IF,v
ι(pv)
−k′ι) ·
µπmin,v(pv), γπmin,v = q
−w
v χρ¯(pv).
Here, m˜D,χ is the maximal ideal similarly defined for T˜D,χ.
Lemma 7.3. m˜D and m˜D,χρ¯ are proper ideals of T˜D and T˜D,χρ¯ , respectively.
Proof of Lemma 7.3. It suffices to prove it for T˜D,χρ¯ . For π = πmin, we look at the inter-
twining space I(k,w),D(π) = ⊗v∈|F |f IdefD (v)(ρ¯|Fv , πv), and calculate the action of generators
of m˜D,χρ¯ .
The central character of πmin is χρ¯. Tv,v, U(pv, pv), U˜(pv, pv) are evidently compatible
with this central character. So we only consider the actions of Tv, U(pv), and U˜(pv).
For v 6∈ ΣD , the action of Tv on I(ρ¯|Fv , πv) is fπmin(Tv).
For v ∈ Pn.o., απmin,v is the U(pv)-eigenvalue for a non-zero nearly ordinary vector, So
the part in IdefD (v)(ρ¯|Fv , πv) where U(pv) acts as απmin,v is non-zero.
For v ∈ Pu
D
\ P exc, by Proposition 3.29 (2), Iu(ρ¯|Fv , πv) has a non-zero subspace where
U(pv) acts by zero map. So the claim follows. 
Definition 7.4. Let D be a deformation type of ρ¯.
(1) The ℓ-adic Hecke algebra TD of ρ¯ with deformation type D is
TD = (T˜D )m˜D ,
and the ℓ-adic Hecke algebra with a fixed central character χ is
TD,χ = (T˜D,χ)m˜D,χ .
(2) The ℓ-adic reduced Hecke algebra T ß
D
(resp. T ß
D,χ) is the image of T˜
ß
D
(resp. T˜ ß
D,χ)
in TD (resp. TD,χ).
By the definition, T ß
D
is the oD -subalgebra of TD generated by Tv, Tv,v for v 6∈ ΣD , and
the maximal ideal is generated by moD and Tv − fπmin(Tv), Tv,v − fπmin(Tv,v) for v 6∈ ΣD .
Let eρ¯ (resp. eρ¯,χ) be the idempotent in T˜D (resp. T˜D,χ) which defines the direct factor
TD (resp. TD,χ).
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Definition 7.5. The intertwining spaces which corresponds to ρ¯ are defined by
I(k,w),D(ρ¯) = eρ¯I(k,w),D ,
and
I(k,w),D,χ(ρ¯) = eρ¯I(k,w),D,χ.
Lemma 7.6. (1) I(k,w),D(ρ¯) is free of rank one as a TD,E¯D = TD ⊗oD E¯D -module. The
same is true for TD,χρ¯,E¯D = TD,χρ¯ ⊗oD E¯D .
(2) T ß
D,ED
= TD,ED and T
ß
D,χρ¯,ED
= TD,χρ¯,ED hold.
Proof of Lemma 7.6. We prove the lemma for TD . TD,χρ¯ is treated similarly.
First we prove (1). By Lemma 7.3, I(k,w),D(ρ¯) is non-zero. For an element π of A(k,w)(GD)
which appears in the decomposition of I(k,w),D(ρ¯), we show that eρ¯I(k,w),D(π) is one dimen-
sional over E¯D .
I(k,w),D(π) =
⊗
v∈|F |f
IdefD (v)(ρ¯|Fv , πv), where πv the v-component of the restricted tensor
product πf =
⊗
v∈|F |f
πv.
Take an ℓ-adic field E′λ′ so that it contains ED and πf is defined over E
′
λ′ . The associated
E′λ′-representation ρ
′ = ρπ,E′
λ′
: GF → GL2(oE′
λ′
) is a deformation of ρ¯: the mod λ′-
reduction ρ¯′ = ρ′ mod λ′ has the same semi-simplification as ρ¯ since the characteristic
polynomial of Frv for v 6∈ ΣD are the same, and hence isomorphic over kλ′ .
For v 6∈ ΣD , If (ρ¯|Fv , πv) is one dimensional since πv is spherical.
For v ∈ P f
D
, by Proposition 3.27, it is one dimensional, since πv corresponds to ρ
′|Fv
which is a deformation of ρ¯ by the compatibility of the local and the global Langlands
correspondence.
For v ∈ P exc ∩ Pu
D
, Iu(ρ¯|Fv , πv) is one dimensional by Proposition 3.29, (1).
For v ∈ Pu
D
\P exc, we need to consider U(pv)-action on Iu(ρ¯|Fv , πv). By Proposition 3.29,
(2), it is isomorphic to E¯λ′ [U ]/(U · L(U, πv ⊗ ν−1v )), where U acts as U(pv), and νv is a
character of F×v defined in Proposition 3.29. By our definition of m˜D , U(pv) acts as zero
mod m˜D . Since the all roots of the local L-factor L(U, πv ⊗ ν−1v ) have ℓ-adic units, the
localization at (λ′, U(pv)) of the oE′
λ′
[U(pv)]-module Iu(ρ¯|Fv , πv) is one dimensional, and
this is the part which contributes to eρ¯I(k,w),D(π).
For v ∈ Pfl, Ifl(ρ¯|Fv , πv) is one dimensional since πv is spherical, andK(ρ¯|Fv) = GL2(oFv).
For v ∈ Pn.o., the argument is similar to the case of Pu
D
, using Proposition 6.15 in-
stead, by specifying the one dimensional subspace where U˜(pv)-operator acts by a scalar
multiplication by an ℓ-adic unit.
Since the action of TD,E¯D on I(k,w),D(ρ¯) is faithful, the one-dimensionality of eρ¯I(k,w),D(π)
shows that TD is reduced. It is easy to see that any E¯D -homomorphism f : TD,E¯D → E¯D
is obtained in this way, and (1) is shown. (2) follows from (1) since T ß
D
-action on each
non-zero component eρ¯I(k,w),D(π) is non-trivial. 
Corollary 7.7. For any element π ∈ A(k,w)(Gρ¯), eρ¯I(k,w),D(π) is isomorphic to
⊗
v∈|F |f
I ′defD(v)(ρ¯|Fv , πv).
Here, I ′defD(v)(ρ¯|Fv , πv) is the subspace of IdefD(v)(ρ¯|Fv , πv) defined as follows.
• For v 6∈ Pn.o. ∪ Pu
D
, I ′defD (v)(ρ¯|Fv , πv) = IdefD(v)(ρ¯|Fv , πv).
• For v ∈ Pu
D
, I ′u(ρ¯|Fv , πv) is the subspace of Iu(ρ¯|Fv , πv) where U(pv) acts by zero
map.
• For v ∈ Pn.o., I ′defD(v)(ρ¯|Fv , πv) is the U(pv)-eigensubspace of Iu(ρ¯|Fv , πv) of the
unique ℓ-adic unit eigenvalue.
This immediately follows from the proof of Lemma 7.6.
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7.3. Galois deformations and ℓ-adic Hecke algebras. We have defined ℓ-adic Hecke
algebras T ß
D
⊂ TD . By the existence of the ℓ-adic representation attached to the elements
of A(k,w)(Gρ¯) (cf. §4.4), there exists a continuous representation
ρmodD,Eλ : GΣD −→ GL2(T ßD,Eλ)
such that {
traceρmod
D,Eλ
(Frv) = Tv
detρmod
D,Eλ
(Frv) = qv · Tv,v for each v 6∈ ΣD .
Lemma 7.8. For T ß
D
attached to a deformation type D , the following holds:
(1) T ß
D
contains traceT ß
D,ED
ρmod
D,Eλ
(σ) for σ ∈ GΣD .
(2) For a finite set of finite places Σ which contains ΣD , T
ß
D
is generated by Tv, v 6∈ Σ
as an oD -algebra.
Proof of Lemma 7.8. (Cf. [51].) Let T˜ be the normalization of T ß
D
, TΣ the oD -subalgebra
of T ß
D
generated by Tv, v 6∈ Σ, T ′ the oD -subalgebra of T˜ generated by traceρmodD,Eλ(σ), σ ∈
GΣD . It suffices to see the images of TΣ and T
′ in T˜ /λnT˜ is the same for any n ≥ 1.
ρmod
D,Eλ
is defined over T˜ , which we denote by ρ˜. By the Chebotarev density theorem, for
any σ ∈ GΣD , there is a finite place v 6∈ Σ such that ρ˜(Frv) and ρ˜(σ) is conjugate in
T˜ /λnT˜ . This means that traceT˜ ρ˜(σ) ≡ traceT˜ ρ˜(Frv) mod λn, and TΣ = T ′. The equality
2qvTv,v = (traceρ(Frv))
2 − traceρ(Fr2v) for v 6∈ ΣD implies that T ′ = T ßD . 
Proposition 7.9. (Functoriality) For two deformation types D and D ′ of ρ¯, assume that
there is a morphism D → D ′ in Type(ρ¯) (Definition 3.32). Then there is a canonical
surjective homomorphism TD ′ → TD ⊗oD oD ′ .
This statement is non-trivial: Tv and Tv,v-operators are missing in TD ′ when defD(v) = f ,
and defD ′(v) = u. By Lemma 7.8, these missing operators are recovered from ρ
mod
D,Eλ
.
Proposition 7.10. Assume that the residual representation ρ¯ of ρmod
D,ED
: GΣD → GL2(T ßD,ED )
is irreducible. Then there exists a representation
ρmodD : GΣD → GL2(T ßD )
having the same trace and determinant as ρmod
D,Eλ
.
Proof of Proposition 7.10. Take a basis of (T ß
D,ED
)⊕2 such that
ρmodD,ED (c) =
(
1 0
0 −1
)
.
Here, c is a complex conjugation. Then the entries of
ρmodD,ED (σ) =
(
a(σ) b(σ)
c(σ) d(σ)
)
have the property that b(σ) · c(σ) is contained in T ß
D
and independent of a choice of basis.
Using the irreducibility of ρ¯, one shows the existence of some τ such that b(τ)c(τ) is a unit.
Change the basis again so that b(τ) = 1. Then ρmod
D,ED
is defined over T ß
D
using this basis,
since 
a(σ) = 1/2(traceρmod
D,ED
(σ) + traceρmod
D,ED
(σ · c))
d(σ) = 1/2(traceρmod
D,ED
(σ)− traceρmod
D,ED
(σ · c))
b(σ) = x(σ, τ)/x(τ, τ)
c(σ) = x(τ, σ).
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Here x(σ, τ) = a(στ)− a(σ)a(τ) = b(σ)c(τ). So the claim follows. 
The following lemma is proved in a similar way, so the proof is omitted.
Lemma 7.11. Let G be a group with c ∈ G, c2 = 1, R a local ring such that 2 is a non-zero
divisor, ρ, ρ′ : G→ GL2(R) two representations with the irreducible residual representations
such that detρ(c) = detρ′(c) = −1. traceρ(g) = traceρ′(g) for any g ∈ G, then ρ and ρ′ are
isomorphic.
By Lemma 7.8, ρmod
D
is unique up to isomorphisms.
7.4. Cohomology groups of modular varieties as Hecke modules. We construct TD -
moduleMD from a cohomology group of the modular variety associated to the deformation
type D . First we show how to go around the technical difficulty we encounter when a
compact open subgroup is not small by the method of auxiliary places.
For a given absolutely irreducible ρ¯, a deformation type D , there are infinitely many
finite places y which satisfies the following properties:
• y 6∈ ΣD , and qy ≥ aF , where aF is the integer given in Lemma 4.11.
• qy 6≡ 1 mod ℓ, and the eigenvalues α¯y, β¯y of ρ¯(Fry) counted with the multiplicities
satisfy α¯y 6= q±1y β¯y.
Note that we do not exclude the case when α¯y equals β¯y.
The existence of finite places with these two properties follows from [13], lemma 11 (in
the reference, the linear independence of F and Q(ζℓ) is assumed, which can be removed by
a slight modification. See also [15] for an argument which is independent of the classification
of subgroups of GL2(Fq)).
For an auxiliary place y that satisfies the conditions as above, define the deformation
function defDy by
defDy(v) = defD (v) if v 6= y, defDy(y) = u,
and let Dy be the deformation type which has the defomation function defDy as above, and
the same data as D except for the deformation function.
There is a natural surjective homomorphism TDy ։ TD by Proposition 7.9. By the
conditions imposed on y, this is in fact an isomorphism:
Proposition 7.12. There is a natural oD -algebra isomorphism
TDy ≃ TD .
The same is true for TDy ,χρ¯ and TD,χρ¯ .
Proof of Proposition 7.12. We prove the claim for TDy . The case of TDy ,χρ¯ follows from it.
Take an element π of A(k,w)(GD) which contributes to I(k,w),Dy(ρ¯) non-trivially. We show
that π appears in I(k,w),D(ρ¯). By enlarging ED = EDy if necessary, we may assume that πf
is defined over ED .
The Galois representation ρ = ρπ,ED : GF → GL2(oED ) attached to π is a deformation
of ρ¯, and the local representation ρ|Fy corresponds to the y-component πy of π by the
compatibility of the local and the global Langlands correspondences.
If πy is supercuspidal, ρy = ρ|Fy must be induced from a tame quadratic extension F˜y of
Fy: ρy|GF˜y ≃ χ⊕ χ
′, χ′ is the twist of χ by the non-trivial element in Gal(F˜y/Fy).
χ/χ′ must have an ℓ-power order, otherwise any mod moD reduction of ρy with respect
to an oD -lattice is absolutely irreducible. Thus we have
(∗) (ρ¯y)ß = χ¯⊗ IndGFyGF˜y1 ≃ χ¯⊕ χ¯ · χF˜y/Fy .
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Here χ¯ is the mod moD reduction of χ, and χF˜y/Fy is the quadratic character of GFy which
corresponds to F˜y/Fy . Since ρ¯y is unramified, F˜y is the unramified quadratic extension of
Fy, which implies that qy ≡ −1 mod ℓ. (∗) implies that the two eigenvalues of ρ¯y are of
the form α¯, −α¯, and this contradicts to our choice of y since qy ≡ −1 mod ℓ.
Since the Swan conductor remains the same under a mod moD -reduction, ρy is a tame
representation, and hence πy is a special representation twisted by a tame character, or
a tame principal series representation. In the former case, the two eigenvalues of any
frobenius lift is of the form α, qyα, which is a contradiction. Since qy 6≡ 1 mod ℓ, and ρ¯y is
unramified, πy is spherical. The eigenvalues of Ty and Ty,y-operators on π
KD,y
y are congruent
to traceρ¯(Fry) and q
−1
y detρ¯(Fry) modulo moD , thus π must contribute to I(k,w),D(ρ¯). 
For an element π ∈ A(k,w)(Gρ¯), we modify the intertwining space I(k,w),Dy and I(k,w),Dy(π)
to
Iy(k,w),Dy = HomKD(y)(νDy |KD(y),S(k,w)(Gρ¯)),
and
Iy
(k,w),Dy
(π) = HomKD(y)(νDy |KD (y), πf ).
Iy(k,w),Dy (resp. I
y
(k,w),Dy
(π)) contains I(k,w),Dy (resp. I(k,w),Dy(π)) as a subspace. The fol-
lowing lemma shows that the part corresponding to ρ¯ is the same for Iy(k,w),Dy and I(k,w),Dy .
Lemma 7.13. For an element π ∈ A(k,w)(Gρ¯) which is defined over Eλ, if Iy(k,w),Dy(π) 6=
{0} and ρπ,Eλ is a deformation of ρ¯, then Iy(k,w),Dy(π) = I(k,w),Dy(π).
Proof of Lemma 7.13. As in the argument of the proof of Proposition 7.12, the y-component
πy of π is spherical, so it suffices to see π
K11(m2y)
y = π
K1(m2y)
y . Since the central character of
πy is unramified, the action of central elements o
×
Fy
·1D(ρ¯)Fy is trivial. The claim follows. 
By Lemma 7.13, we regard TDy as the Hecke algebra acting on I
y
(k,w),Dy
.
We define a TD -module MD for deformation type D .
We modify the y-component of KDy , and use K˜Dy = K11(m
2
y) ·KyD . Fix a finite set of
finite places P0. We choose a finite set S which satisfies the condition of Lemma 4.11 for
K = K˜Dy and P0. By Proposition 4.9, K˜Dy(y, S) = K11(m
2
y) ·
∏
u∈S Uu ·K{y}∪SDy is small,
and Hqstack(SK F¯
K
(k,w),R) is defined for any compact open subgroup K of K˜Dy and a finite
oD -algebra R (cf. §4.5).
For Σ = ΣDy∪S andK = ker νDy |K˜Dy , the convolution algebraHKΣ = H(GD(AQ,f ),K
Σ)oD
acts on Hqstack(SK F¯
K
(k,w),R). Let m˜Σ,ρ¯ be the maximal ideal of HKΣ which corresponds to
ρ¯ (cf. §5.1). By Proposition 5.5, the localization Hqstack(SK F¯K(k,w))m˜Σ,ρ¯ at m˜Σ,ρ¯ vanishes
unless q = qρ¯, where qρ¯ = qD(ρ¯). H
qρ¯
stack(SK F¯
K
(k,w))m˜Σ,ρ¯ is oDy -free, and the formation
commutes with scalar extensions.
Definition 7.14. We define M˜y
Dy
by
M˜y
Dy
= HomK˜Dy
(νDy |K˜Dy ,H
qρ¯
stack(SK , F¯
K
(k,w))m˜Σ,ρ¯).
Since the order of νDy is prime to ℓ, M˜
y
Dy
is regarded as an oDy -direct summand of
H
qρ¯
stack(SK , F¯
K
(k,w)) where K˜Dy acts by νDy .
For M˜y
Dy
defined as above, the following proposition holds by the decomposition in Propo-
sition 4.4.
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Proposition 7.15. We have
M˜y
Dy
⊗oDy E¯Dy =
⊕
π∈Aρ¯
Iy(k,w),Dy(π)
⊕2qρ¯ ,
where Aρ¯ is the subset of A(k,w)(GD) consisting of the representations π whose associated
Galois representation ρπ,E¯Dy is a deformation of ρ¯.
As ρ¯ is not of residual type, the contribution from A c(k,w)(GD) disappears. The standard
Hecke operators Tv, Tv,v for v 6∈ Σ and U˜(pv), U˜ (pv, pv)-operators for v ∈ ΣDy \ P exc acts
on M˜y
Dy
. By Lemma 7.8 (2), the image of HKΣ in EndoDy M˜
y
Dy
is T ß
Dy
(the missing Tv and
Tv,v-operators for v ∈ S are recovered from ρmodDy ). Let T˜
y
Dy
be the T ß
Dy
-algebra generated
by U(pv), U(pv , pv) for v ∈ PuDy \ P exc and U˜(pv), U˜ (pv, pv) for v ∈ Pn.o. in EndoDy M˜
y
Dy
.
If we define the maximal ideal m˜y
Dy
of T˜Dy(y) similarly as in §7.2, by Lemma 7.13, the
localization of T˜ y
Dy
at m˜y
Dy
is identified with T˜Dy .
Definition 7.16. MD is a T˜Dy -module given by
MD = (M˜
y
Dy
)m˜y
Dy
.
Note that MD is a TD -module by the identification TD ≃ TDy given in Proposition 7.12,
andMD,ED =MD⊗oD ED is free of rank 2qρ¯ over TD,ED by the decomposition in Proposition
7.15, Lemma 7.6, and Lemma 7.13.
Remark 7.17. It is possible to show that MD is independent of a choice of auxiliary places
y and S up to isomorphisms.
The following theorem, which is proved in the next subsections, is the main result in this
section.
Theorem 7.18. Assume that ρ¯ is an irreducible modular representation of type D , and
the validity of Hypothesis 6.7 for the representations π of GD(AQ,f ) which contributes to
T ß
D,E¯D
. Then we have the following:
(1) The representation ρmod
D
is a deformation of ρ¯ of type D .
(2) T ß
D
= TD .
Assume the validity of this theorem for the moment. Let RD be the universal deformation
ring of ρ¯ of deformation type D . By the universality of RD , we have the oD -algebra
homomorphism
πD : RD −→ TD
which corresponds to ρmod
D
by Theorem 7.18, (1). πD is surjective by Theorem 7.18, (2).
So MD is regarded as an RD -module, and we will construct a Taylor-Wiles system for the
pair (RD ,MD ) in the next section.
7.5. Local conditions outside ℓ. In this subsection, we prove Theorem 7.18 at a finite
place v ∤ ℓ. If defD (v) = u, (1) is clear. For (2), we show that U(pv) and U(pv, pv)
belong to T ß
D
. The U(pv)-operator is zero. U(pv, pv) = q
−1
v detρ
mod
D
(pv) by the identification
GabFv ≃ F̂×v by the local class field theory.
When defD (v) = f , (2) is clear, so we show that ρ
mod
D
is a finite deformation of ρ¯ at v.
Take an element π of A(k,w)(GD) which appears in the component of T
ß
D,E¯D
. By extending
ED if necessary, we may assume that πf is defined over ED , and the associated Galois
representation ρπ,ED : GF → GL2(oD ) is a deformation of ρ¯.
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By Corollary 7.7, eρ¯I(k,w),D(π) is isomorphic to⊗u∈|F |f I ′defD (u)(ρ¯|Fu , πu), and I ′defD (ρ¯|Fu , πu) =
IdefD (u)(ρ¯|Fu , πu) if defD(u) = f . By the compatibility of the local and the global Langlands
correspondences, πv corresponds to ρπ,v = ρπ,ED |Fv , which is a deformation of ρ¯|Fv . Since
we assume that eρ¯I(k,w),D(π) is non-zero, If (ρ¯|Fv , πv) is non-zero. By Proposition 3.27, ρπ,v
is a finite deformation of ρ¯|Fv .
If ρ¯|Fv is of type 0NE , we need to show that detρmodD is unramified at v (see Definition
3.1). It suffices to check this over ED , and for any element π of A(k,w)(GD) that contributes
to eρ¯I(k,w),D , detρπ,v is unramified since it is a finite deformation of ρ¯|Fv (Definition 3.1).
If ρ¯|Fv is of type 0E , it is of the form IndGFvGF˜v ψ¯ for the unramified quadratic extension F˜v
of Fv . We must show that ρ
mod
D
|IF˜v is isomorphic to the sum of ψ|IF˜v and the Frobenius
twist (cf. Definition 3.1). Here ψ is the Teichmu¨ller lift of ψ¯. Again it suffices to see this
over ED , and the claim follows since ρπ,v is a finite deformation of ρ¯|Fv for any element π
which appears in the component of T ß
D,E¯D
.
If ρ¯|Fv is absolutely reducible with the twist type κ¯v , we need to show that the IFv-
fixed part Lv of ρ
mod
D
|IFv ⊗ κ−1v is T ßD -free, is a T ßD -direct summand, and the T ßD -rank of
Lv is equal to dv = dimk(ρ¯|IFv ⊗ κ¯−1D,v)IFv . By the same argument as the previous cases,
Lv ⊗oD ED is T ßD,ED -free of rank dv . If dv = 2, that is, in the case of 2PR, it follows that
Lv = (T
ß
D
)⊕2, and the claim is shown.
So the case of dv = 1 is left. It is clear that Lv is an oD -direct summand of (T
ß
D
)⊕2,
and GFv -stable as a subrepresentation of ρ
mod
D
|Fv . Thus we have an exact sequence of
GFv × T ßD -modules
0 −→ Lv −→ ρmodD |Fv −→ L ′v −→ 0,
where L ′v is oD -free, and has the T
ß
D
-rank one. The IFv -action on L
′
v is detρ
mod
D
|IFv ⊗κ−1D,v
by calculating it over ED .
L ′v/mDL
′
v is a quotient of ρ¯, and the GFv -action on L
′
v/mDL
′
v is detρ¯|Fv ⊗ κ¯−1v . Since
ρ¯|Fv has a unique one dimensional quotient whereGFv acts via detρ¯|Fv⊗κ¯−1v , dimk L ′v/mDL ′v =
1. By Nakayama’s lemma, there is a surjection T ß
D
։ L ′v . Since the rank of L
′
v over ED is
one, L ′v is T
ß
D
-free of rank one, and hence Lv is also T
ß
D
-free of rank one. This shows that
ρmod
D
is a finite deformation at v.
7.6. Local conditions at ℓ. We prove Theorem 7.18 at v|ℓ when qρ¯ is one, under the
Hypothesis 6.7 if defD(v) = n.o..
We denote the residual characteristic at v by p. To emphasize the difference with the
previous cases, we mainly use p instead of ℓ.
Assume that defD (v) = n.o.. Let (kv, w) = ((kι)ι∈IF,v , w) be the v-type, and k
′
v =
(k′ι)ι∈IF,v is as in Definition 6.1.
By Hypothesis 6.7, for any representation π ∈ A(k,w)(Gρ¯) which appear as a component
of T ß
D,ED
, ρπ,ED |Fv , contains a subrepresentation Lk′v(χv) with multiplicity one. Here χv is
the nearly ordinary character of π at v, and χv|o×Fv is the automorphic nearly ordinary type
of ρ¯ at v by Definition 6.14. By choosing this subrepresentation for each π, we may assume
that ρmod
D,ED
|Fv has the form
0 −→ LEλ −→ ρmodD,ED |Fv −→ L ′Eλ −→ 0,
where LEλ , L
′
Eλ
are both free of rank one over TD,ED . By the same argument as in
the case of dv = 1 of §7.5 using that ρ¯|Fv is GFv -distinguished, L = (T ßD )⊕2 ∩ LED and
L ′ = (T ß
D
)⊕2/L are free of rank one over T ß
D
. This shows that ρmod
D
|Fv is a nearly ordinary
deformation of ρ¯|Fv , and the restriction of the nearly ordinary character of ρmodD |Fv to IFv is
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κD,v (§7.2, D2). The elements U˜(pv) and U˜(pv, pv) of TD are equal to the action of ρmodD (σ)
on L and detρmod
D
· χwcycle(σ) respectively, where σ is the element of GabFv corresponding to
pv. Thus U˜(pv) and U˜(pv, pv) belong to T
ß
D
.
Next we consider the case when def(v) = n.o.f ., by assuming that qρ¯ is one. In this case,
we assume that the v-type (kv , w) is ((2, . . . , 2), w) (see Definition 6.11), in particular w is
even. By twisting by χ
w
2
cycle, we may assume that w = 0. We prepare several lemmas.
Lemma 7.19. Let D be a division quaternion algebra over F with qD = 1 which is split at
the places dividing p, K an F -factorizable small compact open subgroup of GD(AQ,f ) such
that the v-component Kv is a maximal hyperspecial subgroup of D
×(Fv) for some place v
dividing p.
(1) The canonical model SK,Fv = SK(GD(AQ,f),XD)Fv over Fv has a projective smooth
model SK,oFv over oFv , which is unique up to canonical isomorphisms. For an
inclusion K ′ →֒ K of compact open subgroups with K ′v = Kv, the induced morphism
SK ′,oFv → SK,oFv is e´tale.
(2) For a discrete infinity type (k,w), assume that the v-type (kv, w) is ((2, . . . , 2), 0).
Then the oEλ-smooth sheaf F
K
(k,w) on SK,Fv admits a unique extension F˜
K
(k,w) as an
oEλ-smooth e´tale sheaf to SK,oFv .
Proof of Lemma 7.19. (1) is a consequence of [5]. To be precise, in [5], to discuss integral
models over oFv , compact open subgroups are assumed to be “sufficiently small” outside v,
which is stronger than our notion of smallness, though we can reduce to the case stated in
the reference. See [15], [25] for the argument.
We show (2). The covering πvp : S˜ → SK,Fv which corresponds to (F× ∩K)\
∏
u|p,u 6=vKu
extends to a (pro-) e´tale coverings of S˜K by (1). As in §4.2, F(k,w) is defined by an
oEλ-lattice of GD(Qp)-representation V(k,w),Eλ = ⊗ι:Fu →֒Eλ,u|p(ιdet)−k
′
ι · Symkι−2(Vou ⊗ι
Eλ)
∨. By the assumption on the v-type (kv, w), V(k,w),Eλ is regarded as a representation of∏
u|ℓ,u 6=vKu. Thus F(k,w) is defined by the covering π
v
p , and the claim follows.
Lemma 7.20. Assumptions are as in Lemma 7.19. Let Σ be a set of finite places which
contain ΣK and {v : v|p}, TΣ = H(D×(AF,f ),KΣ)oEλ the convolution algebra over oEλ, and
mΣ a maximal ideal of TΣ, which is not of residual type. Then there is a unique p-divisible
group E over oFv such that Tp(EFv)(−1) is isomorphic to H1e´t(SK,F¯v , F¯(k,w),oEλ )mΣ as a
GFv -module.
Proof of Lemma 7.20. Fix n ≥ 1. By taking a conjugation, we may assume that Ku for u|p
is a subgroup of GL2(oFu). Let Kn be the compact open subgroup defined by Kn = Kv ·∏
u|p,u 6=v(K(p
n)∩Ku) ·Kp, and Xn = SKn,oFv the integral model for SKn . For X = SK,oFv ,
πn : Xn → X is the covering of X induced by the inclusion Kn →֒ K. Gn = F× ∩Kn\K
acts on Xn, and πn is a Gn-torsor since K is small.
For Gn = F˜
K
(k,w),oEλ/p
noEλ
, by the Hochshild-Serre spectral sequence
H1(Gn,H
0(Xn,F¯v , π
∗
nGn(1)F¯v )) −→ H1(XF¯v ,Gn(1)F¯v ) −→ H1(Xn,F¯v , π∗nGn(1)F¯v )Gn
−→ H2(Gn,H0(Xn,F¯v , π∗nGn(1)F¯v ))
is exact. The action of TΣ on H
0(Xn,F¯v ,Gn(1)F¯v ) is of residual type by Lemma 5.14. After
localization at mΣ, we have
(∗) H1(XF¯v ,Gn(1)F¯v )mΣ
∼−→ (H1(Xn,F¯v , π∗nGn(1)F¯v )mΣ)Gn .
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By the definition of F˜K(k,w), π
∗
nGn is trivialized on Xn in D
×(AΣF,f )-equivariant way. Take a
trivialization π∗nGn ≃Mn, where Mn is a free oEλ/pnoEλ-module.
Let Pn = Pic
0(Xn/oFv ) be the connected component of the Picard scheme of Xn over
oFv . We regard the p
n-division points Pn[p
n] of Pn as a finite flat group scheme over
oFv . The convolution algebra TΣ and Gn acts on Pn[p
n] by the Picard functoriality. We
regard Mn ⊗Zp/pn Pn[pn] as a finite flat group scheme with an action of Gn and TΣ. Gn
acts diagonally on Mn and Pn[p
n], and TΣ acts trivially on Mn. These two Gn and TΣ-
actions commute. It is easily checked that H1(XF¯v ,Gn(1)F¯v ) is Gn × TΣ-isomorphic to
Mn ⊗Zp/pn Pn[pn](F¯v) with the actions defined as above.
The Gn-invariant (Mn ⊗Zp/pn Pn[pn])Gn is represented by a closed subgroup scheme
E˜n of Mn ⊗Zp/pn Pn[pn] (E˜n is equal to the Zariski-closure of (Mn ⊗Zp/pn Pn[pn])GnFv in
Mn ⊗Zp/pn Pn[pn]). Then we define
En = (E˜n)mΣ .
En is a finite flat group scheme over oFv . By (∗), En(F¯v) is canonically isomorphic to
H1(XF¯v ,Gn(1)F¯v )mΣ as a GFv -module.
For an integer m ≥ 0, the projection Xm+n πm+n,n→ Xn induces En → Em+n by the Picard
functoriality. By Proposition 5.5, {En,Fv}n≥1 forms a p-divisible group over Fv.
Sublemma 7.21. En is equal to Em+n[p
n] = ker(Em+n
pm→ Em+n).
Proof of Sublemma 7.21. πm+n,n induces π
∗
m+n,n : Pn → Pm+n by the Picard functoriality.
The kernel K of π∗m+n,n is finite flat over oFv . We show that
(†) (K ∩ Pn[p∞])mΣ = {0}.
It is sufficient to see (K∩Pn[p])mΣ = {0}. (K∩Pn[p])(F¯v) is the kernel ofH1(Xn,F¯v ,Z/p(1))→
H1(Xm+n,F¯v ,Z/p(1)). By Lemma 5.14, the localization at mΣ is zero, and (†) is shown.
By (†), Pn[pn]mΣ is regarded as a closed subgroup scheme of Pm+n. This implies that
En is a closed subgroup scheme of Em+n. Since En and Em+n[p
n] are two finite flat closed
subgroup schemes of Em+n, it is enough to see that the generic fibers over Fv are the same.
{En,Fv}n≥1 forms a p-divisible group over Fv , so the claim is shown. 
It is clear that the image of Em+n
pm→ Em+n is contained in En. Now we have an in-
creasing sequence {En}n≥1 of finite flat group schemes over oFv which satisfies the following
properties:
• For m,n ≥ 1,
0 −→ En −→ Em+n p
n
−→ Em
is exact.
• {En}n≥1 forms a p-divisible group over Fv.
By a celebrated argument of Tate, there is an integer n0 ≥ 0 such that {En+n0/En0}n≥1
forms a p-divisible group E over oFv ([45], p.181–182: the affine algebra of En+1/En
forms an increasing sequence of orders as n varies, and n0 is taken so that it becomes
stationary for n ≥ n0) . By the construction, the Tate module Tp(E) is isomorphic to
H1(SK,F¯v , F¯(k,w),oEλ
(1))mΣ . The uniqueness of E follows from Tate’s theorem [45], Theo-
rem 4. 
We go back to the proof of Theorem 7.18. We reduce to the case when the nearly
ordinary type κ¯D,v is trivial. Take a character τ : GF → o×ED of finite order which satisfies
the following conditions:
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• The order of τ is prime to ℓ.
• τ |IFv = κ¯D,v.• τ is unramified at any finite place u in (ΣD \ {v}).
We can always find such a character τ with these properties by the global class field theory,
by replacing ED by a finite extension if necessary. Let Στ be the ramification set of τ .
Let τ¯ be the mod mD -reduction of τ , ρ¯
′ = ρ¯ ⊗ τ¯−1 the twist of ρ¯ by τ¯−1. Note that ρ¯′
has type 2PR at the places in Στ .
The twist type of ρ¯′|Fu at a finite place u is νu⊗ τ¯ |−1IFu , where νu is the twist type of ρ¯ at
u.
We define a deformation condition D ′ for ρ¯′. D ′ is the same as D except for the twist
types at finite places, and the twist types for ρ¯′ is the one defined as above. In particular
defD = defD ′ holds (at the places in Στ , finite deformations are considered).
It suffices to show the claim for ρ¯′ and D ′, since the twist of ρmod
D
by τ−1 gives ρmod
D ′
lifting ρ¯′.
Thus we may assume that the nearly ordinary type κ¯D,v of ρ¯ is trivial. We choose an
auxiliary place y and a finite set S for ρ¯ as in §7.4. Recall that K˜ = K˜Dy(y, S) defined in
§7.4 is small.
K˜v = GL2(oFv ), and the K-character νn.o.f .(ρ¯|Fv) at v is trivial by our assumption.
For K ′ = ker νDy |K˜ , let SK ′,Fv = SK ′(Gρ¯,XD(ρ¯))Fv be the Shimura curve over Fv. By the
definitions of M˜y
Dy
and MD (Definition 7.14, 7.16), MD is a GF -stable oD -direct summand
of H1stack(SK ′, F¯
K ′
(k,w))m˜Σ,ρ¯ . By Lemma 7.20, there is a p-divisible group E
′ over oFv such
that Tp(E
′)(−1) is isomorphic to MD as a GFv -module. Since MD,ED is isomorphic to
ρmod
D,ED
, by Proposition 3.12, it follows that ρmod
D
|Fv is nearly ordinary and finite.
Assume that defD (v) = fl. We may assume moreover that the v-type is ((2, . . . , 2), 0)
and the twist type at v is trivial. As in the case of n.o.f ., there is a p-divisible group E′
over oFv such that Tp(E
′)(−1) is isomorphic toMD as a GFv -module. Since Fv is absolutely
unramified and p ≥ 3, for a GFv -representation ρ on a finite dimensional Qp-vector space
V and a GFv -stable lattice L in V , L is associated to a p-divisible group if and only if there
is one such lattice L0 in V . Thus ρ
mod
D
|Fv is a flat deformation.
We have shown that ρmod
D
|Fv is a deformation of type defD (v) at any finite place v, and
U(pv), U(pv, pv) for v ∈ PuD \ P exc, and U˜(pv), U˜(pv, pv) for v ∈ Pn.o. belong to T ßD . This
proves Theorem 7.18 when qρ¯ is one.
7.7. Approximation method of Taylor. We prove Theorem 7.18 at ℓ when qρ¯ is zero
(under Hypothesis 6.7 if def(v) = n.o.). We use the approximation method of Taylor [46],
[47].
For a finite place u such that u 6∈ ΣD , we assume the following condition:
SP ρ¯(Fru) is a regular semi-simple element of GL2(k), and the two distinct eigenvalues
of ρ¯(Fru) are of the form α¯u, quα¯u.
In the following, we assume that α¯u ∈ k = oD/mD .
Iu−par(k,w) = HomK˜D∩K0(u)(νD |K˜D∩K0(u),S(k,w)(Gρ¯)).
As in §5, IK0(u)(k,w) contains Iu−old(k,w) = I(k,w),D(Gρ¯)⊕2 as a subspace (the space of the forms which
are old at u). The inclusion is induced by (f1, f2) 7→ pr∗1 f1 + pr∗2 f2. Here pri (i = 1, 2)
are degeneracy maps as in §5.3: pr1 corresponds to the inclusion K˜D ∩K0(u) →֒ K˜D , pr2
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is the projection twisted by the conjugation by
(
1 0
0 pu
)
at u. The quotient space
Iu−new(k,w) = I
u−par
(k,w) /I
u−old
(k,w)
is the space of the forms which are new at u.
Definition 7.22. Under the condition SP on u, the Hecke rings T u−par
D
and T u−sp
D
are
defined as follows.
(1) T˜ u−par
D
is the oD -algebra generated by the following elements in EndoDI
u−par
(k,w) : Tv
and Tv,v for v 6∈ ΣD ∪ {u}, U(pv) and U(pv, pv) for v ∈ PuD \ P exc, U˜(pv), and
U˜(pv, pv) for v ∈ Pn.o., U(pu) and U(pu, pu) at u as in Definition 7.2.
(2) The maximal ideal m˜u−par
D
of T˜ u−par
D
is generated by moD , Tv − fπmin(Tv) for v 6∈
ΣD ∪ {u}, U˜(pv)− απmin,v for v ∈ Pn.o., U(pv) for v ∈ PuD \ P exc, U(pu)− α¯u, and
U(pv, pv)− χρ¯(pv)-operators for v 6∈ Pn.o. ∪ P exc in the notation of 7.2.
(3) T u−par
D
is the localization of T˜ u−par
D
at m˜u−par
D
.
(4) T˜ u−sp
D
(resp. T˜ u−unr
D
) is the image of T˜ u−par
D
in EndoDI
u−new
(k,w) (resp. EndoD I
u−old
(k,w) ).
m˜u−sp
D
(resp. m˜u−unr
D
) is the image of m˜u−par
D
in T˜ u−sp
D
(resp. T˜ u−unr
D
). Then define
T u−sp
D
(resp. T u−unr
D
) by (T˜ u−sp
D
)m˜u−sp
D
(resp. (T˜ u−unr
D
)m˜u−unr
D
), which are quotients
of T u−par
D
.
Lemma 7.23. (1) T u−unr
D
is isomorphic to TD .
(2) We regard MD as a T
u−par
D
-module by T u−par
D
։ T u−unr
D
≃ TD . Then T u−parD -action
on MD/(U(pu)
2−Tu,u)MD factors through T u−spD . In particular T u−spD is non-zero.
Proof of Lemma 7.23. This is well-known in the theory of congruence modules, so we briefly
sketch the proof by explaining how to construct the isomorphisms in Lemma 7.23.
We choose an auxiliary place y and S as in §7.4 such that u 6∈ {y} ∪ S. By condition
SP, the polynomial
f(X) = X2 − TvX + qv · Tv,v
has two distinct roots in T ß
D
/mß
D
, and hence in T ß
D
by Hensel’s lemma. We choose the root
α which lifts α¯u. By the same argument as in the case of n.o.f . discussed in §10.3, we
obtain an injective homomorphism
ξ :MD −→Mu−parD .
Here K = ker νDy |K˜Dy in the notation of §7.4, and
Mu−par
D
= HomK˜Dy∩K0(v)
(νDy ,H
0
stack(SK∩K0(v), F¯(k,w))m˜ΣDy∪S∪{v}
).
Since U(pu) satisfies f(U(pu)) = 0, U(pv) acts via the multiplication by α on MD .
Since qρ¯ = 0, by Theorem 5.10, ξ is universally injective.
ξ∨ :Mu−par
D
−→MD
is the map induced by ξ by Poincare´ duality. By Lemma 10.2,
ξ∨ ◦ ξ(MD ) = (U(pu)2 − Tu,u)MD
as in the case of n.o.f . in §10.2. By a standard argument in the theory of congruence
modules [38], the congruence moduleMD/ξ
∨ ◦ξ(MD ) is a T u−parD -module, and Lemma 7.23
is shown. 
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By T ß,u−par
D
we denote the oD -subalgebra of T
u−par
D
generated by Tv, v 6∈ ΣD ∪{u, y}∪S
as in 7.2, and denote by T ß,u−sp
D
(resp. T ß,u−unr
D
) the image of T ß,u−par
D
in T u−sp
D
(resp.
T u−unr
D
). By Lemma 7.8, T ß,u−unr
D
= T ß
D
.
Lemma 7.24. For any integer N ≥ 1, there is a finite place u which satisfies the following
properties:
(1) u 6∈ ΣD , qu ≡ −1 mod ℓ, and the eigenvalues of ρ¯(Fru) are of the form α¯, −α¯. In
particular SP holds at u.
(2) We define T u−par
D
and T u−sp
D
by choosing an eigenvalue of ρ¯(Fru). Then T
ß
D
/mN
D
T ß
D
=
T ß,u−unr
D
/mN
D
T ß,u−unr
D
is a quotient of T ß,u−sp
D
as a T ß,u−par
D
-algebra.
Proof of Lemma 7.24. By taking a finite unramified extension of oD , we may assume that
all eigenvalues of ρ¯(g), g ∈ GF belong to k = oD/mD .
MD,ED is free of rank one as a T
ß
D,ED
-module by Proposition 7.15, Lemma 7.6, and
Lemma 7.13. We choose an injective T ß
D
-homomorphism with a finite cokernel
i : T ßD −֒→MD ,
and take c0 ≥ 0 such that mc0D annihilates coker i.
Let T˜ be the normalization of T ß
D
. Since T ß
D
is reduced, the canonical oD -algebra homo-
morphism gives an embedding
j : T ßD −֒→ T˜ .
c1 ≥ 0 is an integer such that mc1D annihilates coker j.
Define ρT˜ : GF → GL2(T˜ ) as the composition of GF
ρmod
D→ GL2(T ßD )→ GL2(T˜ ).
We fix an element c of order 2 in GF which corresponds to the complex conjugation for
some embedding F →֒ C. We view L = T˜⊕2 as a GF -module by ρT˜ . For γ = c1 + c2, let
HN be the image of GF in Aut((Z/ℓN+γZ)(1) ⊕L /mN+γD L ), C the conjugacy class of c
in HN . We take u so that Fru belongs to C by the Chebotarev density theorem. We show
that u satisfies the desired properties.
By our choice of u, 7.24 (1) is satisfied, 1 + qu ≡ 0 mod ℓN+γ holds, and the image of
Tu is zero in T˜ /m
N+γ
D
T˜ .
Since coker j is annihilated by mc1
D
, Tu is contained in m
N+γ−c1
D
T ß
D
= mN+c0
D
T ß
D
.
We choose an eigenvalue α¯ of ρ¯(Fru), and define Hecke algebras T
u−par
D
and T u−sp
D
using
α¯. Let α be the roots of f(X) = X2 − TuX + qu · Tu,u which lift α¯. The action of U(pu) on
MD is the multiplication by α in T
ß
D
.
As
Au = α
2 − Tu,u = Tu · α− (1 + qu)Tu,u ∈ mN+c0D T ßD ,
MD/(U(pu)
2 − Tu,u)MD = MD/AuMD admits MD/mN+c0D MD as a quotient. By Lemma
7.23 (2), MD/m
N+c0
D
MD is a T
ß,u−sp
D
-module.
By our choice of c0, the image of i(T
ß
D
) inMD/m
N+c0
D
MD admits T
ß
D
/mN
D
T ß
D
as a quotient.
Thus 7.24, (2) is shown.

For an integer N ≥ 1, we choose a finite place uN which fulfills the conclusion of Lemma
7.24.
We have a surjective oD -algebra homomorphism
αN : T
ß,uN−sp
D
։ T ßD/m
N
DT
ß
D
which maps Tv to Tv for v 6∈ ΣD ∪ {uN}.
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For T ß,uN−sp
D
, there is a Galois representation ρmod
D,uN−sp
: GF → GL2(T ß,uN−spD ) as in
Proposition 7.10. Since any representation π which appear as a component of T ß,un−sp
D
has a
special representation πuN at uN , we can apply Hypothesis 6.7 to π, and show that ρ
mod
D,uN−sp
is nearly ordinary, nearly ordinary finite or flat according to defD (v) = n.o., n.o.f ., fl by
the argument in §7.6.
By the surjectivity of αN and the uniqueness (Lemma 7.8), ρ
mod
D
mod mn
D
= αN ◦
ρmod
D,uN−sp
is nearly ordinary or nearly ordinary finite at a place v such that defD (v) =
n.o., n.o.f .,fl. Since this is true for any N , the claim for TD is shown. 
Remark 7.25. In the fl-case, one may use Taylor’s result ([47], theorem 1.6 and lemma
2.1, 3) if the infinity type is ((2, . . . , 2), w). The demonstration there can be modified so
that it fits to our setting (we only assume that the v-type is ((2, . . . , 2), w)).
Proposition 7.26. The following operators in EndoDMD belong to T
ß
D
. U(pv), U(pv, pv)
for v ∈ P f
D
, U˜(pv), U˜ (pv, pv) for v ∈ Pn.o.f . ∪ Pfl.
Proof of Proposition 7.26. By Lemma 7.3, the operators in question belong to T ß
D,ED
. We
find these operators by using ρmod
D
. For a finite place v, let σv be an element in IFv which
lifts the geometric Frobenius element, and corresponds to pv by (I
ab
Fv
)GFv ≃ o×Fv .
For v ∈ P f
D
, we use the notation of §7.5. U(pv, pv) = q−1v detρmodD (σv). When dv = 2,
U(pv) = traceT ß
D
ρ(σv). When dv = 1, U(pv) is equal to the action of ρ
mod
D
(σv) on L . Note
that it is sufficient to verify the equalities after tensoring ED .
For v ∈ Pn.o.f . ∪ Pfl, U˜(pv, pv) = (detρmodD · χw+1cycle)(pv) holds. For U˜(pv)-operator, by
twisting, we may assume that w = 0. By the argument (twisting by a finite order character)
in §7.6, we may assume that the twist type at v is trivial.
For ρv = ρ
mod
D
|GFv , ρv(1) extends to a unique ℓ-divisible group E over oFv , and it is a
crystalline representation.
If v ∈ Pn.o.f ., let U˜ be the action of ρv(σv) on L in the notation of §7.6. We define T˜v
by
T˜v = U˜ + qvU˜(pv, pv) · U˜−1.
If v ∈ Pfl, let D(ρv) be the filtered module associated to ρv of filtration type [0, 1] by
[14]. D(ρv) is a free T
ß
D
⊗Zℓ oFv -module with an action of the absolute Frobenius ϕ. We
define T˜v by
T˜v = traceT ß
D
⊗ZℓoFv
(ϕf , D(ρv)) ∈ T ßD ⊗Zℓ oFv .
Here f = [k(v) : Fℓ]. ϕf is T ßD ⊗Zℓ oFv -linear, thus T˜v is well-defined.
We show
U˜(pv) = T˜v
in T ß
D
⊗Zℓ oFv in the both cases. It suffices to see it in T ßD ⊗Zℓ Fv. If qρ¯ = 1, this is a
consequence of the main theorem of [42], which shows a weaker version of the compatibility
of the local and the global Langlands correspondence at v|ℓ.
When qρ¯ is zero, we use the approximation method using Lemma 7.24, and the equality
holds in T ß
D
⊗Zℓ oFv/mNFv for any N , and hence in T ßD ⊗Zℓ oFv .
Since oFv is faithfully flat over Zℓ, U˜(pv) ∈ T ßD . 
8. Construction of Taylor-Wiles systems
In this section, we construct the Taylor-Wiles system for a minimal Hecke algebra TD .
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Theorem 8.1. Let ℓ ≥ 3 be a prime, ρ¯ an absolutely irreducible representation. Assume
that ρ¯|F (ζℓ) is absolutely irreducible if [F (ζℓ) : F ] = 2.
For a minimal deformation type D , define oass
D
as oD [CF,ℓ], where CF,ℓ is the ℓ-part of
the class group of F .
Then there is a Taylor-Wiles system {RQ, MQ}Q∈XD for (RD ,MD ) and torus Gm,F over
oass
D
. The index set XD is defined by
Q ∈ XD ⇐⇒ Q is a finite subset of YD .
Here, YD is the set of the finite places v 6∈ ΣD , qv ≡ 1 mod ℓ, and ρ¯(Frv) is a regular
semi-simple element of GL2(k).
In [49], TW5 was obtained by a study of group cohomology. We use an argument based
on a property of perfect complexes.
8.1. Hecke algebras. For an absolutely irreducible representation ρ¯, we fix a deformation
type D for ρ¯.
For an element Q ∈ XD , we construct a Hecke algebra TQ and a TQ-module MQ, define
a ring homomorphism RQ → TQ from some deformation ring RQ, and verify the conditions
of Taylor-Wiles systems.
By taking an extension of k, we may assume that any eigenvalues of ρ¯(g) for g ∈ GF
belong to k. For a finite place v ∈ YD , let α¯v and β¯v be the eigenvalues of ρ¯(Frv) at v. We
make a choice, and specify one of the eigenvalues of ρ¯(Frv), say α¯v. We denote by ∆v (resp.
∆∨v ) the ℓ-Sylow subgroup of k(v)
× (resp. the maximal prime to ℓ-subgroup of k(v)×).
For Q ∈ XD , we choose an auxiliary place y and a set S as in §7.4 which are disjoint
from ΣD ∪Q. We define the deformation function defDQ of ρ¯ by
defDQ(v) = defD (v) for v 6∈ ΣD , u for v ∈ Q,
and let DQ be the deformation type of ρ¯ which has defDQ as the deformation function, and
the same data as D except for the deformation function.
Let K = K˜Dy = K11(m
2
y) · KyD be the compact open subgroup of Gρ¯(AQ,f) defined in
§7.4 for Dy. We define two compact open subgroups K0,Q, KQ of K for Q:
K0,Q =
∏
v∈Q
K0(mv) ·KQ,
KQ =
∏
v∈Q
KQ,v ·KQ.
Here
KQ,v = {g ∈ K0(mv), g ≡
(
α ∗
0 α · h
)
mod mv, α ∈ k(v)×, h,∈ ∆∨v }.
There are inclusions KQ ⊂ K0,Q ⊂ K. KQ is a normal subgroup in K0,Q, and the
quotient (Z(Q) ∩KQ) ·KQ\K0,Q is isomorphic to
∆Q :=
∏
v∈Q
∆v.
We define the Hecke algebras for K0,Q and KQ which are slightly different from the one
defined for D and DQ in §7 at the places in Q.
For δ ∈ ∆Q, we take an element δ′ ∈
∏
v∈Q o
×
Fv
lifting δ and c(δ′) ∈ Gρ¯(AQ,f ) is the
element which has c(δ′)Q =
(
δ′−1 0
0 δ′
)
, at the Q-component and the components other
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than Q are one. Then the double coset KQc(δ
′)KQ depends only on δ, and defines an
element V (δ) in H(GD(AQ,f), KQ).
By our assumption, there is a minimal lift πmin of ρ¯ defined over oD . fπmin : T
ß
K,D
→ oD
is the corresponding oD -algebra homomorphism.
Definition 8.2. (1) I0(k,w),DQ (resp. I(k,w),DQ ) is the intertwining space
I0(k,w),DQ = HomK0,Q(νD |K0,Q ,S(k,w)(Gρ¯)) (resp. I(k,w),DQ = HomKQ(νD |KQ ,S(k,w)(Gρ¯)).
(2) For an element π ∈ A(k,w)(Gρ¯), I0(k,w),DQ(π) (resp. I(k,w),DQ(π) ) is the intertwining
space
I0(k,w),DQ(π) = HomK0,Q(νD |K0,Q , πf ) (resp. I(k,w),DQ = HomKQ(νD |KQ , πf )).
Definition 8.3. (1) The Hecke algebra T˜Q is the oD -algebra generated by the following
elements in EndoDI(k,w),DQ: Tv, and Tv,v for v 6∈ {y} ∪ ΣDQ, U(pv) and U(pv, pv)
for v ∈ {y} ∪ S ∪ Pu
DQ
\ P exc, U˜(pv) and U˜(pv, pv) for v ∈ Pn.o., V (δ) for δ ∈ ∆Q.
T˜0,Q is the image of T˜Q in EndoD I
0
(k,w),DQ
.
(2) By m˜Q, we denote the maximal ideal of T˜Q generated by moD and the following
operators: Tv−fπmin(Tv), Tv,v−fπmin(Tv,v) for v 6∈ {y}∪S∪ΣDQ, U(pv), U(pv, pv)−
χρ¯(pv) for v ∈ ({y} ∪ PuD ) \ P exc, U˜(pv) − απmin,v, U˜(pv, pv) − γπmin for v ∈ Pn.o.,
U(pv) − α¯v, U(pv, pv) − χρ¯(pv) for v ∈ Q, V (δ) − 1 for δ ∈ ∆Q. Here απmin,v and
γπmin are elements of oD defined in §7.2.
m˜0,Q is the image of m˜Q in T˜0,Q.
(3) The Hecke algebras T0,Q and TQ associated to Q are defined by
T0,Q = (T˜0,Q)m˜0,Q , TQ = (T˜Q)m˜Q .
Note that the natural oD -algebra homomorphism TQ ։ T0,Q maps V (δ) for δ ∈ ∆Q to
1.
As in §7.2, we define T ß0,Q (resp. T ßQ) as the oD -subalgebra generated by Tv and Tv,v for
v 6∈ {y} ∪ S ∪ ΣDQ .
Proposition 8.4. T ß0,Q = T0,Q and T
ß
Q = TQ hold. In particular T0,Q, TQ are reduced.
Proof of Proposition 8.4. We proceed as in the proofs of Lemma 7.6 and Proposition 7.12.
First we show T ßQ,ED = TQ,ED .
Let eρ¯ be the idempotent of T˜Q corresponding to TQ. Take a representation π ∈
A(k,w)(Gρ¯) such that eρ¯I(k,w),DQ(π) 6= {0}. We show the dimension over E¯D is one. Since
I(k,w),DQ(π) is the tensor product local spaces, it suffices to study the local intertwining
space at any finite place. If v 6∈ {y} ∪Q, this is similarly treated as in Lemma 7.6. At y,
this is done in Proposition 7.12. It suffices to consider the case of v ∈ Q.
If v ∈ Q, the v-compenent πv belongs to principal series or a special representation
twisted by a character since it has a non-zero fixed vector by K11(mv). Since we assume
that qv ≡ 1 mod ℓ and two eigenvalues α¯v, β¯v of ρ¯(Frv) are distinct modulo mD , the latter
case does not occur. Since πv has a non-zero fixed vector by Kv, πv is a tamely ramified
principal series.
Lemma 8.5. For a local field F and a principal series representation π = π(χ1, χ2), assume
that χ1 and χ2 are tamely ramified characters of F
×. Then there is a unique non-zero vector
w up to scalar in the representation space such that(
a ∗
pF · ∗ d
)
· w = χ1(a)χ2(d)w (a, d ∈ o×F ).
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Proof of Lemma 8.5. Consider π′ = π ⊗ χ−12 = π(χ1/χ2, 1). A new vector w′ fixed by
K1(mF ) of π
′ corresponds to w as in the claim by twisting by χ−12 . 
We choose an ordering of χ1 and χ2 so that χ2(pv) is a lift of α¯v. Since α¯v 6= β¯v,
this determines the ordering uniquely. By Sublemma 8.5 and Lemma 3.30, Iu(ρ¯|Fv , πv) =
π
K11(mv)
v is isomorphic to E¯D [U ]/((U−χ1(pv))(U−χ2(pv))), where the action of U is U(pv).
It becomes one dimensional after localization at (U−χ2(pv)). Since the local intertwining
spaces have dimension one, it follows that eρ¯I(k,w),DQ(π) is one dimensional.
This proves that T ßQ,ED = TQ,ED as in Lemma 7.6. In particular TQ is reduced. From
this, we construct Galois representation
ρmodQ : GΣDQ −→ GL2(T
ß
Q)
as in Proposition 7.10. We show T ßQ = TQ by an argument using Galois representations as
in Theorem 7.18. The only point we must discuss is to recover V (δ)-operators for δ ∈ ∆Q
from ρmodQ .
Lemma 8.6. (1) For v ∈ Q, ρmodQ |GFv is a sum of two characters χ1,v, χ2,v : GFv →
T×Q .
(2) Fix the ordering of the characters such that χ¯2,v(Frv) = α¯v. For an element σδ of
ItameFv which lifts δ ∈ ∆v via ItameFv → (ItameFv )GF ≃ k(v)×, χ2,v(σδ) = V (δ).
Proof of Lemma 8.6. (1) follows from Faltings’ theorem 3.8.
For (2), take a representation π ∈ A(k,w)(Gρ¯) such that eρ¯I(k,w),DQ(π) 6= {0}. It suffices to
check the identity in (2) on the component of TQ corresponding to π. For a finite extension
Eλ of ED such that πf is defined over Eλ, let fπ : T
ß
Q → oEλ be the oD -homomorphism
corresponding to π. fπ induces ρ : GF → GL2(T ßQ) → GL2(oEλ), which is isomorphic to
the λ-adic representation associated to π. By the compatibility of the local and the global
Langlands correspondence, πv corresponds to ρ|GFv by the local Langlands correspondence.
ρ|GFv ≃ χ˜1,v ⊕ χ˜2,v, where χi,v is the composition of GFv
χi,v→ T×Q
fπ→ o×Eλ . It follows that
πv is isomorphic to the principal series π(χ˜1, χ˜2). By Lemma 8.5, the action of V (δ) on
π
K11(mv)
v is χ˜2(σδ), and the claim follows. 
By Lemma 8.6, V (δ) belongs to T ßQ. We conclude that T
ß
Q = TQ, and T
ß
0,Q = T0,Q follows
from this as a consequence. 
Let T ß
Dy
and TDy be the ℓ-adic Hecke algebras defined in Definition 7.2. T
ß
Dy
= TDy , and
TDy ≃ TD by Theorem 7.18 and Proposition 7.12.
For ℓ-adic reduced Hecke algebras we have defined, there are oD -algebra homomorphisms
T ßQ → T ß0,Q → T ßDy . By the definition and Lemma 7.8, these homomorphisms are surjective,
and induce surjective homomorphisms between ℓ-adic Hecke algebras
TQ ։ T0,Q ։ TDy .
by Proposition 8.4.
Proposition 8.7. The above oD -algebra homomorphism gives an isomorphism
T0,Q ≃ TDy .
Proof of Proposition 8.7. First we show T0,Q,ED ≃ TDy ,ED .
Let e0,ρ¯ be the idempotent of T˜0,Q corresponding to T0,Q. Take a representation π ∈
A(k,w)(Gρ¯) such that e
0
ρ¯I(k,w),DQ(π) 6= {0}. We show πv is spherical for v ∈ Q.
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By our choice of K0,Q, the central character of πv is unramified. If πv is not spherical, it
is an unramified special representation since it is fixed by K0(mv). Let ρπ,E¯D be the Galois
representation associated to π. By the compatibility of the local and the global Langlands
correspondence, ρv = ρπ,E¯D |GFv ≃ sp(2) ⊗ χv, where sp(2) is the special representation,
and χv is an unramified character. This implies that for any Frobenius lift σ ∈ GFv , the
two eigenvalues αv and βv of ρv(σ) must satisfy αv/βv = q
±1
v . Since qv ≡ 1 mod ℓ and α¯v,
β¯v are distinct, this is a contradiction. Thus πv is spherical at v ∈ Q, and π appear as a
component of TDy .
As in the proof of Proposition 8.4, e0ρ¯I
0
(k,w),DQ
(π) is one dimensional over E¯D , and the
action of Tv ∈ T0,Q for v 6∈ {y} ∪ S ∪ ΣDQ is the same as the action of Tv ∈ TDy on
eρ¯I
y
(k,w),Dy
(π) in the notation of §7.4. Thus we have an isomorphism T0,Q,ED ≃ TDy ,ED ,
which induces T ß0,Q ≃ T ßDy .
To show T0,Q,ED ≃ TDy ,ED , it suffices to see U(pv) and U(pv, pv) belong to T ß0,Q. For
v ∈ Q, note that there are elements Tv and Tv,v in T ß0,Q ≃ TDy ,ED .
For v ∈ Q, U(pv, pv) = Tv,v, and U(pv) satisfies the equation
(∗) U(pv)2 − Tv · U(pv) + qvTv,v = 0
by Lemma 3.30. By our assumption, it has two distinct roots in the residue field of T ß
Dy
,
and hence there are two distinct roots in T ß
Dy
by Hensel’s lemma. By our choice of m˜0,Q,
U(pv) is the element αv in T
ß
Dy
which satisfies (∗), and lifts α¯v. The claim is shown. 
8.2. Twisted sheaves. To control the central character when the infinity type (k,w) is
not ((2, . . . , 2), 0), a passage to the adjoint group Gadρ¯ is necessary. We slightly modify the
definitions of SK and the sheaf F¯(k,w).
We return to the general setting. For a division algebra D over F with qD ≤ 1, let Z be
the center of GD. For an F -factorizable compact open subgroup U of G(AQ,f ), we define
CU = Z(Q)\Z(AQ)/U ∩ Z(AQ,f ) · Z(R).
Z(AQ) acts on SU = GD(Q)\GD(AQ)/U × K∞ from the right. This action of Z(AQ)
induces a CU -action on SU .
Lemma 8.8. We assume that there is a finite place y and a finite set S of finite places
which satisfy conditions (1)-(3) of Proposition 4.9, and U = U(y, S). Then the CU -action
on SU is free.
Proof of Lemma 8.8. Take an element z ∈ Z(AQf ) which represents a class c in CU . We
may assume that the finite part of z belongs to U by an approximation by an element of
F×. By 4.10, there is an element ǫ ∈ F× such that ǫ−1z ∈ U . Then the class of z in CU is
trivial. 
Definition 8.9. Notations are as in Lemma 8.8. For a prime ℓ, let CU,ℓ be the ℓ-Sylow
subgroup of CU . We denote by S˜U the quotient of SU by CU,ℓ.
We view the pro-ℓ-part χcycle,ℓ of χcycle as a continuous character of F
×\(AF,f )×. We also
view it as a continuous character of GD(Q)\GD(AQ,f ) via the reduced norm GD(AQ,f ) ND→
(AF,f )×. In particular χcycle,ℓ can be viewed as a GD(AQ,f )-equivariant sheaf on S =
lim←−U SU . Since χcycle,ℓ takes values in 1 + ℓZℓ and ℓ ≥ 3, the square root χ
1
2
cycle,ℓ is defined
as an ℓ-adic character.
Assume that U satisfies the condition of Lemma 8.8, and the sheaf F¯U(k,w),Eλ is defined
on SU .
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Definition 8.10. For a prime ℓ ≥ 3,
F¯
U,tw
(k,w) = F¯
U
(k,w) ⊗ χ
−w
2
cycle,ℓ.
By the definition of F¯U,tw(k,w), it is GD(A
ℓ
Q,f )-equivariant. We analyze the action of Z(AQf )
in more detail.
Lemma 8.11. For a prime ℓ ≥ 3, let Zℓ be the inverse image of CU,ℓ by Z(AQ,f) → CU .
Then the Zℓ-action on F¯
U,tw
(k,w) induces a structure of a CU -equivariant sheaf on F¯
U,tw
(k,w), and
F¯
U,tw
(k,w) descends to an oEλ-smooth sheaf F˜
U,tw
(k,w) on S˜U .
Proof of Lemma 8.11. We use the notations in §4.2. Let πℓ : S˜ℓ → SU be the Z(Q)∩Uℓ\Uℓ-
torsor, V(k,w),Eλ the representation of GD(Qℓ) defining F¯
U
(k,w),Eλ
. We twist V(k,w),Eλ by
χ
−w
2
cycle,ℓ, and define
V tw(k,w),Eλ = V(k,w),Eλ ⊗ χ
−w
2
cycle,ℓ
as a continuous representation of GD(Qℓ). Since χ
−w
2
cycle,ℓ is o
×
Eλ
-valued, V(k,w),oEλ
gives
an oEλ-lattice V
tw
(k,w),oEλ
of V tw(k,w),Eλ. F
U,tw
(k,w),Eλ
on SU is obtained from πℓ and GD(Qℓ)-
representation V tw(k,w),Eλ.
For v|ℓ, we denote ker(o×Fv → k(v)×) by U1v . Since
∏
v|ℓ U
1
v acts trivially on V
tw
(k,w),Eλ
,
any element z ∈ Z(AQ,f) such that the ℓ-component zℓ belongs to
∏
v|ℓ U
1
v acts trivially on
F
U,tw
(k,w),Eλ
. In particular an equivariant action of Z(Q)\Z(AQ,f )/H is induced for
H = (
∏
v|ℓ
Uv ∩ U1v ) ∩ Z(Qℓ) · (U ∩ Z(AQ,f))ℓ.
The ℓ-part of Z(Q)\Z(AQ,f )/H is canonically isomorphic to CU,ℓ, and hence we obtain a
CU,ℓ-action on F¯
U,tw
(k,w),Eλ
which lifts the CU,ℓ-action SU . By Lemma 8.8 and by descent, we
have a sheaf F˜U,tw(k,w),Eλ on S˜U . Note that all classes of CU,ℓ are represented by an element
in Z(AℓQ,f), and hence the Zℓ-action on F¯
U,tw
(k,w),Eλ
preserves the oEλ-structure F¯
U,tw
(k,w). Thus
we have the oEλ-structure F˜
U,tw
(k,w). 
H∗(SU , F¯
U,tw
(k,w)) = H
∗(SU , F¯
U
(k,w))⊗ χ
−w
2
cycle,ℓ
holds by the definition of F¯U,tw(k,w), and this equality is compatible with the action of the
convolution algebra H(GD(AℓQ,f ), U
ℓ)oEλ , by regarding χ
−w
2
cycle,ℓ as an ℓ-adic character of
GD(AℓQ,f ).
We also obtain an action of H(GD(AℓQ,f), U
ℓ)oEλ on H
∗(S˜U , F˜
U,tw
(k,w)) since the CU,ℓ-action
on SU comes from the center Z(AQ,f ), and commutes with the Hecke correspondences.
8.3. Twisted algebras and modules. We go back to the situation in §8.1. We use the
same notation as in §7.4. For our choice of the auxiliary place y and set S, Σ = ΣDQ∪{y}∪S,
HKΣ and m˜Σ,ρ¯ are the convolution algebra and the maximal ideal corresponding to ρ¯,
respectively. For K ′Q = ker νDy |KQ (resp. K ′0,Q = ker νDy |K0,Q), we define M˜Q (resp. M˜0,Q)
by
M˜Q = HomKQ(νDy |KQ ,Hqρ¯stack(SK ′Q , F¯
K ′Q
(k,w)))m˜Σ,ρ¯
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(resp. M˜0,Q = HomK0,Q(νDy |K0,Q ,Hqρ¯stack(SK ′0,Q , F¯
K ′0,Q
(k,w) ))m˜Σ,ρ¯).
Similarly, M˜ twQ and M˜
tw
0,Q are defined as above by using F¯
tw
(k,w) instead of F¯(k,w).
The isomorphism M˜ twQ = M˜Q⊗χ
−w
2
cycle,ℓ (resp. M˜
tw
0,Q = M˜0,Q⊗χ
−w
2
cycle,ℓ) respects the action
ofH(Gρ¯(AQ,f),Kℓ0,Q) (resp. H(Gρ¯(AQ,f ),K
ℓ
Q) ) by viewing χ
−w
2
cycle,ℓ as a one dimensional rep-
resentation of the convolution algebra. This is also true for U˜(pv) and U˜(pv, pv)-operators.
In particular for the oD -algebra T˜
tw
Q (resp. T˜
tw
0,Q) generated by T
tw
v , T
tw
v,v (v 6∈ ΣDQ∪{y}∪S),
U tw(pv), U
tw(pv, pv) fo v ∈ PuDQ\P exc, U˜ tw(pv), U˜ tw(pv, pv) for v ∈ Pn.o., V tw(δ) for δ ∈ ∆Q
((−)tw denotes the Hecke operators defined by the twisted action on F¯ tw(k,w)), there is an
oD -isomorphism
T˜Q ≃ T˜ twQ (resp. T˜0,Q ≃ T˜ tw0,Q)
which maps the standard operators (−) as above (Tv , for example) to (−)tw · χ
w
2
cycle,ℓ. Let
m˜twQ (resp. m˜
tw
0,Q) be the maximal ideal of T˜
tw
Q (resp. T˜
tw
0,Q), T
tw
Q (resp. T
tw
0,Q) the localization
(T˜ twQ )m˜twQ (resp. (T˜
tw
0,Q)m˜tw0,Q).
The corresponding TQ (resp. T0,Q)-module MQ = (M˜Q)m˜Q (resp. M0,Q = (M˜0,Q)m˜0,Q)
and T twQ (resp. T
tw
0,Q)-module M
tw
Q = (M˜
tw
Q )m˜twQ (resp. M
tw
0,Q = (M˜
tw
0,Q)m˜tw0,Q) are oD -free as
in §7.4 by using Proposition 5.5, and the oD -algebra isomorphism
TQ ≃ T twQ (resp. T0,Q ≃ T tw0,Q)
induces
MQ ≃M twQ (resp. M0,Q ≃M tw0,Q).
The same construction applies also to TDy and MD . T
tw
Dy
and M tw
D
denotes the twisted
algebra and the module which satisfy TDy ≃ T twDy and MD ≃M twD .
Proposition 8.12. There is a natural isomorphism
MD ≃M0,Q,
which is compatible with the isomorphism TD ≃ TDy ≃ T0,Q obtained by Proposition 7.12
and 8.7. The same is true for M tw
D
and M tw0,Q.
Proof of Proposition 8.12. We construct such an isomorphism by induction on n = ♯Q.
For n = 0 we take it as the identity. Assume that Q = Q′ ∪ {v}. The degeneracy maps
pri : SK ′0,Q → SK ′0,∅ for i = 1, 2 defined in §5.3 induce
H
qρ¯
stack(SK ′0,Q′
, F¯
K ′
0,Q′
(k,w) )
⊕2 pr1 +pr2−→ Hqρ¯stack(SK ′0,Q , F¯
K ′0,Q
(k,w) ).
Thus we have a T˜Q-homomorphism β˜Q : M˜
⊕2
Q′ → M˜0,Q.
By the decomposition of Hqρ¯ in §4.4, we have an isomorphism
(I0(k,w),DQ)
⊕2qρ¯
m˜Σ,ρ¯
≃ M˜0,Q ⊗oD E¯D ,
which induce βQ,ED : M˜
⊕2
Q′,ED
≃ M˜0,Q,ED since the v-component of the representations
which contibutes to I0(k,w),DQ is spherical as in the proof of Proposition 8.7. In particular
T˜Q = T˜Q′ [U(pv)], and β˜Q is regarded as a T˜Q′ [U(pv)]-homomorphism.
We need a special case of cohomological universal injectivity.
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Sublemma 8.13. Let D be a division algebra with qD ≤ 1 which is split at a finite place
v. Assume that K is an F -factorizable compact open small subgroup of GD(AQf ) with
the v-component Kv = GL2(oFv). Then the kernel of the homomorphism defined by the
degeneracy maps at v
HqD(SK , F¯
K
(k,w),kλ
)⊕2
pr∗1 +pr
∗
2−→ HqD(SK∩K0(v), F¯K∩K0(v)(k,w),kλ )
is annihilated by T 2v − (1 + qv)2Tv,v.
Proof of Sublemma 8.13. Consider the homomorphism
HqD(SK∩K0(v), F¯(k,w),kλ)
γ−→ HqD(SK , F¯(k,w),kλ)⊕2
induced by the trace map. The composite
δ : HqD(SK , F¯(k,w),kλ)
⊕2 pr
∗
1 +pr
∗
2−→ HqD(SK∩K0(v), F¯(k,w),kλ)
γ−→ HqD(SK , F¯(k,w),kλ)⊕2
written in the matrix form is
δ =
(
1 + qv Tv
T−1v,v · Tv 1 + qv
)
,
which is shown in §10.2. If
(
a
b
)
is in the kernel of δ, T 2v − (1+ qv)2Tv,v annihilates
(
a
b
)
by
a direct calculation. The claim follows. 
By Sublemma 8.13, the image of β˜Q is an oD -direct summand. We already know that
β˜Q,ED is an isomorphism. Thus β˜Q is an isomorphism.
The localization of M˜Q′ at M˜Q′ is isomorphic toMD by our assumption on the induction.
MQ is isomorphic to the localization of M
⊕2
Q′ at the maximal ideal of TQ′ [U(pv)] generated
by mTQ′ and U(pv) − α¯v. As in the proof of Proposition 8.7, U(pv) safisfies f(U(pv)) = 0
for f(X) = X2−TvX+ qvTv,v and f has two distinct roots in TQ′ . For the root αv of f(X)
which lifts α¯v, MQ is the submodule of M
⊕2
Q′ where U(pv) acts as αv, which is identified
with MQ′ . 
8.4. Perfect complex argument. In this subsection, we verify the axiom TW5 for MQ.
If we set K ′Q = ker νDy |KQ(y,S) and K ′0,Q = ker νDy |K0,Q(y,S), then
∆Q
α≃ Z(Q) ·K ′Q\K ′0,Q
holds. Here, α(δ) for δ ∈ ∆Q is given by the class of
(
δ−1 0
0 δ
)
. In particular MQ has a
structure of an oD [∆Q]-module. δ ∈ ∆Q acts by V (δ)-operator.
Lemma 8.14. ∆Q × CK ′Q,ℓ-action on SK ′Q is free.
Proof of Lemma 8.14. Let c be a class in CK ′Q,ℓ represented by z ∈ Z(AQ,f ). We may
assume that the v-component of z belongs to K11(mv) for v ∈ Q, and z ∈ K ′Q by an
approximation by an element of F×. For δ ∈ ∆Q, c(δ′) ∈ Gρ¯(AQ,f) is the element with
c(δ′)Q =
(
δ′−1 0
0 δ′
)
for some δ′ ∈∏v∈Q o×Fv lifting δ.
Assume that z · c(δ′) has a fixed point in SKQ. By Lemma 4.10, and there is some unit
ǫ ∈ o×F such that ǫ−1zc(δ′) ∈ KQ. This implies that δ = 1, and the class c of z is trivial. 
CK ′0,Q,ℓ, CK
′
Q,ℓ
are isomorphic to CF,Pu
D
,ℓ, the ℓ-part of the class group of F which is
unramified outside Pu
D
.
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Proposition 8.15. M twQ is an oD [CF,PuD ,ℓ ×∆Q]-free module. The same is true for MQ.
Proof of Proposition 8.15. For F = Q and D = M2(Q), this is essentially proved in [49],
proposition 1. We may assume that D is a division algebra. We prove 8.15 by the perfect
complex argument as in [15], §3.
For Σ = ΣDQ ∪ {y} ∪ S, let H = H(D×(AΣf ), KΣ)oD be the convolution algebra, and
m˜Σ,ρ¯ is the maximal maximal ideal corresponding to ρ¯.
SinceM twQ is a direct summand of H
qρ¯(SK ′Q , F¯
tw
(k,w))m˜Σ,ρ¯ , it suffices to show the following
claim. 
Lemma 8.16. Hqρ¯(SK ′Q , F¯
tw
(k,w))m˜Σ,ρ¯ is oD [CF,PuD ,ℓ ×∆Q]-free.
Proof of Lemma 8.16. We need two sublemmas.
Sublemma 8.17. Let A be a noetherian local algebra with the maximal ideal mA and the
residue field kA, B a commutative A-algebra. Let L
· be a complex of B-modules bounded
below. Assume the following conditions:
(1) L· defines an object of the derived category Dbcoh(A) of bounded A-complexes with
finitely generated cohomology groups (in particular L· ⊗LA kA is defined).
(2) For a maximal ideal m of B above mA, H
i(L·⊗LA kA)⊗BBm is zero for i 6= 0. Here
Bm is the localization of B at m.
Then H i(L·)⊗B Bm is A-free for i = 0, and zero for i 6= 0.
Proof of Sublemma 8.17. This is lemma 3.2 of [15]. The proof is simple so we include it
here. By (1), by replacing L· by the canonical truncation τ≤NL
· for a sufficiently large
integer N , we may assume that L· is bounded above. Since Bm is B-flat, we may assume
that B = Bm. H
i(L· ⊗LA kA) is zero except i = 0. By taking the minimal resolution of L·
as A-complexes, the claim follows. 
Sublemma 8.18. Let π : X → Y be an e´tale morphism between schemes of finite type
over an algebraically closed field, which is a G-torsor for a finite group G, F a smooth
Λ-sheaf on Y , where Λ is a finite Zℓ-algebra. Then RΓ(X, π∗F ) is a perfect complex of
Λ[G]-modules, and
RΓ(X, π∗F ) ⊗LΛ[G] Λ[G]/IG → RΓ(Y, F )
holds. Here IG is the augmentation ideal, and the map is induced by the trace map.
This is known (usually in the dual form) in any standard cohomology theory.
We go back to the proof of Lemma 8.16. X = SK ′Q , Y = S˜K
′
0,Q
, F = F˜(k,w). We view
X and Y as a scheme over C. The natural projection π : X → Y is an e´tale G-torsor by
Lemma 8.14 for G = CF,Pu
D
,ℓ ×∆Q.
By the same argument as in Proposition 4.5, RΓ(X, π∗F ) is represented by a complex
L· of H ⊗oD oD [G]-modules bounded below.
If qρ¯ = 0, Lemma 8.14 is clear since the G-action on X is free. We may assume that
qρ¯ = 1. For A = oD [G], and B = A ⊗oD H, let m be a maximal ideal of B which is
above mA and m˜Σ,ρ¯. As in Lemma 5.4, the action of H on H
q(Y, F ⊗oD k) is of residual
type for q = 0, 2, and hence vanishes after the localization at m. By Sublemma 8.18,
Hq(L· ⊗A A/mA) ≃ Hq(Y, F ⊗oD k) for q ∈ Z, and the localization Hq(L· ⊗A A/mA)m
at m is zero except for q = 1. By Sublemma 8.17, H1(L·)m = H
1(X, π∗F )m˜Σ,ρ¯ is oD [G]-
free. 
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As a byproduct of the proof of Lemma 8.16, we have an isomorphism
(∗) Hqρ¯(SK ′Q , F¯
tw
(k,w))m˜Σ,ρ¯ ⊗oD [CF,Pu
D
,ℓ×∆Q]
oD [CF,Pu
D
,ℓ ×∆Q]/ICF,Pu
D
,ℓ×∆Q
∼−→ Hqρ¯(S˜K ′0,Q , F¯
tw
(k,w))m˜Σ,ρ¯ .
Here ICF,Pu
D
,ℓ×∆Q is the augmentation ideal of oD [CF,PuD ,ℓ × ∆Q]. Similarly, by using the
covering SK ′Q → SK ′0,Q instead of SK ′Q → S˜K ′0,Q ,
(∗∗) Hqρ¯(SK ′Q , F¯
tw
(k,w))m˜Σ,ρ¯ ⊗oassD [∆Q] o
ass
D [∆Q]/I∆Q
∼−→ Hqρ¯(SK ′0,Q , F¯
tw
(k,w))m˜Σ,ρ¯
holds for
oassD = oD [CF,PuD ,ℓ],
and the augmentation ideal IQ of o
ass
D
[∆Q] over o
ass
D
. It is easy to check that the isomor-
phisms (∗) and (∗∗) commute with the action of the standard Hecke operators. By using
Proposition 8.12, we have
Proposition 8.19. M twQ is o
ass
D
[∆Q]-free, and M
tw
Q ⊗oassD oassD [∆Q]/IQ ≃ M twD as a TQ-
module. The same is true for MQ and MD .
8.5. Construction of the system. Finally we prove Theorem 8.1 by summarizing the
result of the previous subsections.
Let χHeckeρ¯ be the algebraic Hecke character of weight 2w attached to detρ¯ (see Definition
6.10). χ = (detρ¯)lift ·χ−wcycle,ℓ is the ℓ-adic representation attached to χHeckeρ¯ , where (detρ¯)lift
is the Teichmu¨ller lift of ρ¯.
For a minimal deformation condition D , oass
D
= oD [CF,ℓ] as in Theorem 8.1. o
ass
D
is seen
as a universal deformation ring of detρ¯ by the class field theory: for the character
µunivF,ℓ : G
ab
F
∼−→ π0(F×\A×F )։ CF,ℓ →֒ (oD [CF,ℓ])×,
χ · µunivF,ℓ is the universal deformation of detρ¯, where the local conditions are finite at v ∤ ℓ,
and the restriction to IFv is χ|IFv for v|ℓ.
For the universal deformation ring RD and the universal Galois representation ρ
univ
D
,
detρuniv
D
satisfies the deformation conditions of detρ¯ as above. Thus RD has a structure
of oass
D
-algebra, and detρuniv
D
is identified with χ · µunivF . By the algebra homomorphism
πD : RD → TD given by ρmodD , TD is also regarded as an oassD -algebra.
For Q ∈ XD , (TQ,MQ) is the pair of the Hecke ring and the Hecke module defined in §8.1
and §8.3, and ρmodQ is the universal modular representation. By our construction, detρmodQ
is unramified at v ∈ Q. Thus we have an oass
D
-algebra structure on TQ as above. RQ is the
universal deformation ring of ρ¯ of deformation type DQ over o
ass
D
with the determinant fixed
to χ · µunivF . The universal deformation is denoted by ρunivQ . The canonical algebra homo-
morphism πQ : RQ → TQ is an oassD -homomorphism, which is surjective since traceTQ(Frv)
for v 6∈ ΣDQ ∪ {y} ∪ S generate TQ by Proposition 8.4.
Note that this oass
D
-structure on TQ is compatible with the o
ass
D
-module structure on MQ
given by MQ ≃ M twQ and the CF,ℓ-action on M twQ given in §8.2: the CF,ℓ-action is defined
by the action of Z(AQ,f) on SK ′Q , and Z(AQ,f)-action yields the central character for any
representation π which appear as a component of TQ. The central character corresponds to
the determinant (twisted by χcycle) by the Langlands correspondence, so the compatibility
is shown.
80 KAZUHIRO FUJIWARA
For the natural projections αQ : RQ ։ RD , βQ : TQ ։ TD , the diagram
RQ
πQ−−−−→ TQ
αQ
y βQy
RD
πD−−−−→ TD
is commutative: βQ ◦ πQ ◦ ρunivQ = βQ ◦ ρmodQ and πD ◦ αQ ◦ ρunivQ = πD ◦ ρunivD = ρmodD have
the same trace at Frv for v 6∈ ΣDQ ∪ {y} ∪ S (the standard Hecke operators at v). By the
Chebotarev density theorem, the two representations have the same trace function on GF ,
and hence are isomorphic by Lemma 7.11.
TW1 is clear from the definition of XD . We check axioms TW2-TW5 of Definition 2.1.
By Proposition 3.8, oass
D
[Zℓ×∆v] is regarded as a versal hull of the unrestricted deformation
of ρ¯|GFv with a fixed determinant (we use the identification given there). We have a natural
oass
D
-algebra homomorphism
τQ : o
ass
D [∆Q] =
⊗
v∈Q
oassD [∆v]→ RQ,
which corresponds to the restriction
∏
v∈Q ρ
univ
Q |IFv . Thus RQ has an oassD [∆Q]-algebra
structure, and we view MQ as an RQ-module by fQ. We use these structures in TW2.
By our normalization in Proposition 3.8 and Lemma 8.6,
πQ ◦ τQ(δ) = V (δ) (δ ∈ ∆Q).
So oass
D
[∆Q]
πQ◦τQ→ TQ is equal to the homomorphism oassD [∆Q]→ TQ obtained by the V (δ)-
operators. It is clear that RQ/IQRQ ≃ R, since RQ/IQRQ is the maximal quotient of RQ
where ρunivQ is unramified at Q by Faltings’ theorem 3.8. TW3 is verified.
We regardMQ as an RQ-module by πQ, and the action of o
ass
D
[∆Q] through RQ is the same
as the CF,ℓ×∆Q-action geometrically constructed onM twQ by the isomorphismMQ ≃M twQ .
By Proposition 8.19, MQ/IQMQ ≃MD , and TW4 is satisfied.
Finally we check TW5. By Proposition 8.15,MQ is a free o
ass
D
[∆Q]-module. The o
ass
D
[∆Q]-
rank of MQ is the o
ass
D
-rank of MQ/IQMQ, and which is non-zero and independent of Q by
Proposition 8.19. Thus TW5 is satisfied for (RQ,MQ)Q∈XD .
Remark 8.20. Similarly, one has a Taylor-Wiles system (RQ,χ, M˜Q)Q∈XD for the defor-
mation ring RD,χ with determinant fixed to χ. Here M˜Q is the image ofMQ in H
qρ¯(S˜K ′Q , F¯
tw
(k,w))m˜Σ,ρ¯⊗
χ
w
2
cycle,ℓ in the notation of §8.4.
9. The minimal case
The main purpose of this section is to prove the following theorem.
Theorem 9.1. Let F be a totally real number field, ρ¯ : GF → GL2(kλ) an absolutely
irreducible mod ℓ-representation. We take a minimal deformation condition D , and assume
the following conditions.
(1) ℓ ≥ 3, and ρ¯|F (ζℓ) is absolutely irreducible. When ℓ = 5, the following case is
excluded: the projective image G¯ of ρ¯ is isomorphic to PGL2(F5), and the mod ℓ-
cyclotomic character χ¯cycle factors through GF → G¯ab ≃ Z/2 (in particular [F (ζ5) :
F ] = 2).
(2) For v|ℓ, the deformation condition for ρ¯|GFv is either nearly ordinary or flat (cf.
3.5). When the condition is nearly ordinary (resp. flat) at v, we assume that ρ¯|GFv
is GFv -distinguished (resp. Fv is absolutely unramified).
DEFORMATION RINGS AND HECKE ALGEBRAS IN THE TOTALLY REAL CASE 81
(3) There is a minimal modular lifting π of ρ¯ over oD as in Definition 6.11.
(4) Hypothesis 6.7 is satisfied.
Then the universal deformation ring RD of ρ¯ with the deformation condition D is a complete
intersection of relative dimension zero over oass
D
= oD [CF,ℓ], and MD is a free RD -module.
In particular RD is isomorphic to the Hecke algebra TD attached to ρ¯. Here CF,ℓ is the
ℓ-part of the class group of F .
Note that there is an exceptional case which does not happen in [51].
9.1. Preliminary on finite subgroups of GL2(Fℓ). Let ℓ be a prime. Consider an abso-
lutely irreducible representation ρ : G→ GL2(Fℓ) of a finite group G. By the classification
of finite subgroups of GL2(Fℓ), the projective image G¯ of ρ is in the following list:
(1) ℓ ≥ 5, G¯ ≃ A4. G¯ab is isomorphic to Z/3.
(2) ℓ ≥ 5, G¯ ≃ S4. G¯ab is isomorphic to Z/2.
(3) ℓ ≥ 7, G¯ ≃ A5. G¯ab is trivial.
(4) (Dihedral case) ℓ ≥ 2, G¯ ≃ D2n, where n is prime to ℓ, n ≥ 2, and D2n is a dihedral
group of order 2n. G¯ab is isomorphic to Z/2 (resp. Z/2 × Z/2) if n is odd (resp.
even).
(5) (PSL2-case) ℓ
n ≥ 3, G¯ ≃ PSL2(Fℓn). G¯ab is trivial except for Fℓn = F3, and is
isomorphic to Z/3 in the exceptional case.
(6) (PGL2-case) ℓ
n ≥ 3, G¯ ≃ PGL2(Fℓn). G¯ab ≃ Z/2.
The above 6 cases are exclusive to one another. In the case of (5) (resp. (6)), G¯ is GL2(Fℓ)-
conjugate to the standard embedding of PSL2(Fℓn) (resp. PGL2(Fℓn)) via the embedding
Fℓn →֒ Fℓ.
When ℓ ≥ 3, G¯ is classified into (5) or (6) if and only if ℓ divides the order of G¯.
Assume that ℓ ≥ 3, and let ρ : G→ GL2(Fℓ) be an absolutely irreducible representation.
Then the following conditions are equivalent:
• ρ is monomial.
• ad0 ρ is absolutely reducible.
• The projective image G¯ of ρ is in the dihedral case.
If one of the above conditions holds, then for an index 2-subgroup H of G such that ρ is
induced from a character χ of H, ad0 ρ ≃ ν ⊕ IndGHχ/χc. Here ν is the character defined
as the composition of G → G/H ≃ {±1}, and χc is the c-twist of χ for the generator c of
G/H. IndGHχ/χ
c is absolutely reducible if and only if G¯ ≃ Z/2× Z/2.
We prepare several group theoretical lemmas which are used in the Chebotarev density
argument in §9.2 .
Lemma 9.2. Assume that ℓ ≥ 3. Let ρ : G → GL2(Fℓ) be an absolutely irreducible
representation of a finite group G, and H a normal subgroup of G such that G/H is cyclic.
Then there is an element σ ∈ H of order prime to ℓ such that ρ(σ) is regular and
semi-simple.
Proof of Lemma 9.2. Assume that ρ(h) has the same eigenvalues for any h ∈ H. Consider
the H-representation ad0 ρ|H . Then the H-action factors through an ℓ-group, since the all
eigenvalues of any element of H are one. So ad0 ρ|H has only trivial constituents.
G/H acts on the invariant subspace (ad0 ρ)H 6= {0}. Since G/H is abelian, the G-action
on (ad0 ρ)H is absolutely reducible, and hence ad0 ρ is also absolutely reducible. Since
ℓ 6= 2, ρ is monomial by the absolute reducibility of ad0 ρ. Since the projective image G¯ of
G has order prime to ℓ, the H-action on ad0 ρ is semi-simple. H acts trivially on ad0 ρ, and
hence G¯ is a quotient of G/H. This is impossible since G¯ is dihedral, and G/H is cyclic.
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So there is an element h ∈ H such that ρ(h) is regular and semi-simple. By replacing h
by a suitable ℓm-th power σ for some m ≥ 0, the order of σ is prime to ℓ, and σ is regular
and semi-simple. 
Remark 9.3. By the proof of 9.2, the consequence remains true under the assumption that
G/H is abelian unless G¯ is dihedral and abelian.
In the dihedral case, we need a slightly stronger result than Lemma 9.2.
Lemma 9.4. Assume that ℓ ≥ 3. Let ρ : G → GL2(Fℓ) be a monomial representation of
a finite group G, H a subgroup of G such that ρ|H is absolutely irreducible. Then for any
non-zero absolutely irreducible subspace N of ad0 ρ, there is an element σ ∈ H of order
prime to ℓ such that ρ(σ) is regular and semi-simple, and N<σ> 6= {0}.
Proof of Lemma 9.4. This is essentially [51], lemma 1.12.
By the assumption, the restriction of ρ to H is absolutely irreducible. Since the H-action
on ad0 ρ is absolutely reducible, it is also monomial. We may assume that H = G, since it
suffices to find σ ∈ H for a non-zero absolutely irreducible H-subrepresentation N ′ of N .
First assume that the projective image G¯ of ρ is not abelian. Then ad0 ρ is isomorphic
to ν ⊕ V , where ν is a character of order 2 such that ρ is induced from a character χ of
ker ν, and V is irreducible. When N is the subspace which is isomorphic to V , we take any
element σ ∈ G of order prime to ℓ such that ν(σ) 6= 1. When N is the subspace where G
acts by ν, one takes any element σ ∈ ker ν of order prime to ℓ such that χ/χc(σ) 6= 1.
Finally we treat the case when G¯ is dihedral and abelian, that is, G¯ ≃ Z/2 × Z/2.
ad0 ρ ≃ α⊕ β ⊕α · β is isomorphic to the direct sum of the non-trivial characters of G¯. By
replacing the role of characters if necessary, we may assume that N is the subspace where
G acts by α. Any element σ of order prime to ℓ such that α(σ) = 1 and β(σ) 6= 1 satisfies
the desired condition. 
Lemma 9.5. Assume that ℓ ≥ 3. Let ρ : G→ GL2(Fℓ) be a representation of a finite group
G, H a normal subgroup of G of ℓ-power index.
(1) ρ is absolutely irreducible if and only if ρ¯|H is absolutely irreducible.
(2) Assume that ρ is absolutely irreducible. Then the projective image H¯ of ρ|H is
equal to the projective image G¯ of ρ except when ℓ = 3, G¯ ≃ PSL2(F3), and H¯ ≃
Z/2× Z/2.
Proof of Lemma 9.5. For (1), it suffices to show that ρ is absolutely reducible if ρ|H is
absolutely reducible. Let X be the set of all constituants of ρ|H . The cardinality of X is
at most 2. g ∈ G acts on X by sending χ to the g-twist χg. Since G/H is an ℓ-group and
ℓ ≥ 3, the action is trivial, and any element χ in X is the restriction of a character χ˜ of G.
Assume that χ appears as a subrepresentation of ρ|H . Then (ρ⊗ χ˜−1)H 6= {0}. Since G/H
is an ℓ-group, (ρ⊗ χ˜−1)G is non-zero, and hence ρ is absolutely reducible.
For (2), note that H¯ 6= G¯ implies that the order of G¯ab is divisible by ℓ. Then the result
follows from the classification of subgroups of GL2(Fℓ). 
Proposition 9.6. Let ρ : G → GL2(Fℓ) be an absolutely irreducible representation of a
finite group, ℓ 6= 2, µ : G→ F×ℓ a character of even order. Then
H1(G/(ker(ad0 ρ⊗ µ) ∩ ker µ), ad0 ρ⊗ µ) = 0
except when
• ℓ = 5, the projective image of ρ is isomorphic to PGL2(F5), and µ factors through
the character of order 2 of PGL2(F5).
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Proof of Proposition 9.6. Note that (ker(ad0 ρ ⊗ µ) ∩ kerµ = (ker ad0 ρ) ∩ ker µ. Define
subgroups H ′ and H of G by ker ad0 ρ and ker ad0 ρ∩ kerµ respectively. By the Hochshild-
Serre spectral sequence,
0 −→ H1(G/H ′, (ad0 ρ⊗ µ)H′/H) −→ H1(G/H, ad0 ρ⊗ µ) −→ H1(H ′/H, ad0 ρ⊗ µ)
is exact. If µ|H′ is non-trivial, then H1(G/H, ad0 ρ⊗ µ) is zero since the order of H ′/H ≃
µ(H ′) is prime to ℓ, and (ad0 ρ⊗ µ)H′/H vanishes.
So we may assume that µ is a character of G¯ = G/H ′, that is, a character of the projective
image of ρ.
If the order of G¯ is prime to ℓ, then the statement of 9.6 is clear, and hence we may
assume that G¯ contains an element of order ℓ. By the classification, G¯ is either PSL2(Fℓn)
or PGL2(Fℓn) for some n ≥ 1. Since the order of µ is even, it follows that G¯ is conjugate to
the standard embedding of PGL2(Fℓn), the order of µ is 2, µ is obtained from (det)
ℓn−1
2 of
GL2(Fℓn), and ad
0 ρ⊗ µ is isomorphic to Sym2⊗(det) ℓ
n−1
2
−1 as PGL2(Fℓ)-representations
over Fℓ.
Then we apply the following lemma.
Lemma 9.7. Assume that ℓ is an odd prime. Then
H1(SL2(Fℓn),Sym
2) = 0
except for Fℓn = F5.
This follows from [7], p. 185, Table (4.5) if Fℓn 6= F3. In the F3-case, it is shown in [51],
p. 478.
The vanishing of the cohomology now follows from two exact sequences
0 −→ H1(F×ℓn , (Sym2⊗(det)
ℓn−1
2
−1)SL2(Fℓn)) −→ H1(GL2(Fℓn),Sym2⊗(det)
ℓn−1
2
−1)
−→ H1(SL2(Fℓn),Sym2⊗(det)
ℓn−1
2
−1)F
×
ℓ
0 −→ H1(PGL2(Fℓn), (Sym2⊗(det)
ℓn−1
2
−1)F
×
ℓn ) −→ H1(GL2(Fℓn),Sym2⊗(det)
ℓn−1
2
−1)
and Lemma 9.7, except for the F5-case.

As for the application to elliptic curves, the exceptional case in Proposition 9.6 does not
happen.
Proposition 9.8. Assume that G contains an element c of order 2 such that µ(c) = −1,
and ρ(G) is a subgroup of GL2(F5). Then the exceptional case in Proposition 9.6 does not
occur for the triplet (G, ρ, µ).
Proof. µ is identified with (det)2. The equation µ(c) = −1 = (det ρ(c))2 is impossible since
det ρ(c) ∈ {±1}. 
Remark 9.9. It can be shown that H1(GL2(Fℓn),Sym
2⊗(det)−1) is zero if ℓ 6= 2. By [7],
H1(SL2(F5),Sym
2) is one dimensional. Using this, one shows that H1(PGL2(F5),Sym
2⊗det)
is one dimensional.
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9.2. Chebotarev density argument. We formulate an application of the Chebotarev
density theorem following [51], proposition 1.11.
Definition 9.10. Let F be a global field, M a finite Zℓ[GF ]-module given by ρM : GF →
AutZℓ M , and H an open normal subgroup of GF . For a finite Galois extension F
′ of F , let
F ′(M,H) be the Galois extension which corresponds to (ker ρM |F ′) ∩H. A cohomology class
x in H1(F, M) is exceptional for (M,H) over F ′ if the restriction xF ′ of x to F
′ belongs
to H1(Gal(F ′(M,H)/F
′), M) = ker(H1(F ′, M)→ H1(F ′(M,H), M)).
Proposition 9.11. Notations are as in Definition 9.10. Take a non-zero cohomology class
x in H1(F, M). Assume the following conditions.
(1) F ′ is a Galois extension of F , and x is not exceptional for (M,H) over F ′ (cf.
9.10).
(2) For any irreducible Zℓ[GF ]-submodule N ofM , a non-trivial element gN ∈ Gal(F ′(M,H)/F ′)
is given. The order of gN is prime to ℓ, gN belongs to the image of GF ′ ∩H, and
N<gN> 6= {0}.
Then there is a finite place v of F that satisfies:
• v is of degree 1 and splits completely in F ′.
• M is unramified at v, and the restriction of x to H1(Fv , M) is not zero.
• Frv acts on M by a GF -conjugate of gN for some non-zero irreducible submodule
N . In particular the image of Frv in GF belongs to GF ′ ∩H.
Such a place v exists with a positive density.
Proof of Proposition 9.11. L = F ′(M,H), G = Gal(L/F
′). The image y of xF ′ under the
restriction map H1(F ′, M) → H1(L, M) does not vanish by assumption (1) of 9.11. We
regard y as a non-zero GF -equivariant homomorphism c(y) : GL → M . Let Ly be the
abelian extension corresponding to the kernel of c(y) over L. Gal(Ly/L) with the conjugate
action of GF is identified with c(y)(GL) as Zℓ[GF ]-modules.
For a non-zero irreducible Zℓ[GF ]-submodule N in c(y)(GL), take the element gN in G
of order α that is given for N in 9.11 (2), and an element σ˜ in Gal(Ly/F
′) which lifts gN
and has the same order as gN (this is possible since α is prime to [Ly : L]). gN ∈ H, and
N<gN> 6= {0}. Choose a non-zero element τ˜ in Gal(Ly/L) that belongs to N<gN> by the
identification Gal(Ly/L) ≃ c(y)(GL).
Since τ˜ belongs to N<gN>, τ˜ is fixed by σ˜. This implies that τ˜ commutes with σ˜. We
define a conjugacy class C in Gal(Ly/F ) as the class of σ˜τ˜ . C is contained in Gal(Ly/F
′)
since F ′ is Galois over F .
Take a finite place v of F of degree one such that M is unramified at v, and Frv ∈ C
by the Chebotarev density theorem. v splits completely in F ′ since the image of Frv in
Gal(F ′/F ) is trivial. c(y)(Frαv ) is in the Gal(Ly/F
′)-orbit of τ˜α, which is non-zero by the
construction, and hence the restriction of x to H1(Fv,M) is non-zero. 
Corollary 9.12. Notations are as in Definition 9.10. Assume moreover that M is a
kλ[GF ]-module for some finite field kλ, and the following conditions.
(1) F ′ is a Galois extension of F , and x is not exceptional for (M,H) over F ′ (cf.
9.10).
(2) For any irreducible kλ[GF ]-submodule N ofM , a non-trivial element gN ∈ Gal(F ′(M,H)/F ′)
is given. The order of gN is prime to ℓ, gN belongs to the image of GF ′ ∩H, and
N<gN> 6= {0}.
Then there is a finite place v of F that satisfies:
• v is of degree 1 and splits completely in F ′.
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• M is unramified at v, and the restriction of x to H1(Fv , M) is not zero.
• Frv acts on M by a GF -conjugate of gN for some non-zero irreducible submodule
N . In particular the image of Frv in GF belongs to GF ′ ∩H.
Proof of corollary 9.12. We construct gN as in Proposition 9.11 for any non-zero irreducible
Fℓ[GF ]-submoduleN ofM . LetW be the image of N⊗Fℓkλ inM , which is non-zero since it
contains N . We take a non-zero kλ[GF ]-irreducible submoduleN
′ inW , and the element gN ′
given for thisN ′ in 9.12 (2). Since the order of gN ′ is prime to ℓ, (N⊗Fℓkλ)<gN′> → W<gN′>
is surjective. N ′<gN′> ⊂W<gN′>, and hence (N⊗Fℓ kλ)<gN′> = N<gN′>⊗Fℓ kλ is non-zero.
By taking gN ′ as gN , Proposition 9.11, (2) is satisfied, and Proposition 9.11 is applied. 
9.3. Proof of Theorem 9.1. We prove Theorem 9.1. We use the same notation as in
§8.5. We have already constructed a Taylor-Wiles system {RQ, MQ}Q∈XD for (RD ,MD )
over oass
D
.
Recall that
Homkλ(mRQ/(m
2
RQ ,moassD ), kλ) = H
1
DQ
(F, ad0 ρ¯),
for the universal deformation ring RDQ , and RDQ is generated by dimkλ H
1
DQ
(F, ad0 ρ¯)
many elements over oEλ . Here
H1DQ(F, ad
0 ρ¯) = ker(H1(F, ad0 ρ¯) −→
⊕
v∈|F |f
H1(Fv , ad
0 ρ¯)/L′v)
by Proposition 3.35, with the subspace L′v = H
1
defDQ (v)
(Fv, ad
0 ρ¯) for any finite place v.
For the Tate dual ad0 ρ¯∗ = ad0 ρ¯(1) of ad0 ρ¯, the dual Selmer groups are defined by
H1D∗(F, ad
0 ρ¯(1)) = ker(H1(F, ad0 ρ¯(1)) −→
⊕
v∈|F |f
H1(Fv , ad
0 ρ¯(1))/L∗v)
H1
DQ
∗(F, ad0 ρ¯(1)) = ker(H1(F, ad0 ρ¯(1)) −→
⊕
v∈|F |f
H1(Fv, ad
0 ρ¯(1))/L′
∗
v)
Here L∗v (resp. L
′∗
v) is the annihilator of H
1
def
D′ (v)
(Fv, ad
0 ρ¯) (resp. H1defDQ (v)
(Fv, ad
0 ρ¯))
by the local duality.
To prove Theorem 9.1, it is sufficient to find a non-empty subset X ⊂ XD which satisfies
the assumptions of the complete intersection-freeness criterion (Theorem 2.3) under the
minimality of D . For this, it suffices to show the following proposition.
Proposition 9.13. Assume that D is minimal. For any integer n ≥ 1, there is an element
Q ∈ XD such that
(1) qv ≡ 1 mod ℓn for v ∈ Q,
(2) dimkλ H
1
DQ
(F, ad0 ρ¯) ≤ ♯Q,
(3) ♯Q = dimkλ H
1
D∗
(F, ad0 ρ¯(1))
hold.
Lemma 9.14. Assume that D is minimal.
(1) The inequality
dimkλ H
1
D(F, ad
0 ρ¯) ≤ dimkλ H1D∗(F, ad0 ρ¯(1))
holds.
(2) For any element Q of XD ,
dimkλ H
1
DQ
(F, ad0 ρ¯) ≤ dimkλ H1D∗Q(F, ad
0 ρ¯(1)) + ♯Q.
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Proof of Lemma 9.14. We prove (1). By the formula in [51], proposition 1.6,
dimkλ H
1
D (F, ad
0 ρ¯)− dimkλ H1D∗(F, ad0 ρ¯(1))
=
∑
v∈ΣD
hv +
∑
v∈IF
hv + dimkλ H
0(F, ad0 ρ¯)− dimkλ H0(F, ad0 ρ¯(1))
holds. Here
hv = dimkλ H
0(Fv , ad
0 ρ¯(1)) − dimkλ H1(Fv, ad0 ρ¯)/H1def(v)(Fv , ad0 ρ¯)
for v ∈ ΣD , and
hv = dimkλ H
0(Fv , ad
0 ρ¯(1))
for v ∈ IF . Since ρ¯|GF (ζℓ) is absolutely irreducible,
dimkλ H
0(F, ad0 ρ¯) = dimkλ H
0(F, ad0 ρ¯(1)) = 0.
Since ρ¯ is odd for any complex conjugation,∑
v∈IF
hv = 2[F : Q].
If v ∈ ΣD , v ∤ ℓ, then hv = 0. In this case, the local condition is finite, and this follows
from Proposition 3.5, since dimkλ H
1
f (Fv , ad
0 ρ¯) = dimkλ H
0(Fv, ad
0 ρ¯). When v|ℓ, we show
hv ≤ −2[Fv : Qℓ]. In the nearly ordinary and nearly ordinary finite case, this follows from
Theorem 3.16, and Tate’s local Euler characteristic formula. In the flat case we have
dimkλ H
1
fl
(Fv , ad
0 ρ¯|Fv) = dimkλ H0(Fv, ad0 ρ¯|Fv) + [Fv : Qℓ]
by Theorem 3.20, and the claim follows again by Tate’s local Euler characteristic formula.
So the total sum can not be strictly positive.
For (2), by [51], proposition 1.6 and Lemma 9.14
dimkλ H
1
DQ
(F, ad0 ρ¯)/H1D∗Q
(F, ad0 ρ¯(1)) = dimkλ H
1
D (F, ad
0 ρ¯)/H1D∗(F, ad
0 ρ¯(1))
+
∑
v∈Q
dimkλ H
0(Fv , ad
0 ρ¯(1)) ≤ ♯Q
holds. Here we have used (1), and the fact that dimkH
0(Fv , ad
0 ρ¯(1)) = 1 for each v ∈ Q,
since qv ≡ 1 mod ℓ, and ρ¯(Frv) is a regular semi-simple element in GL2(kλ). 
We prove Proposition 9.13. By Lemma 9.14, (2), an element Q in XD satisfies the
inequality
(∗) dimkH1DQ(F, ad0 ρ¯) ≤ #Q
if
(∗∗) dimkλ H1D∗Q(F, ad
0 ρ¯(1)) = 0.
For any integer n ≥ 1, it is clear that a finite set Q given by the following lemma satisfies
conclusions (1)-(3) of Proposition 9.13 since (∗), and hence (∗∗), is satisfied for this Q with
equality #Q = dimkλ H
1
D∗
(F, ad0 ρ¯(1)).
Lemma 9.15. (cf. [51], 3.8) For a prime ℓ ≥ 3, let F be a number field such that [F (ζℓ) : F ]
is even. Assume that ρ¯|F (ζℓ) is absolutely irreducible. When ℓ = 5, the following case is
excluded: the projective image G¯ of ρ¯ is isomorphic to PGL2(F5), and the mod ℓ-cyclotomic
character χ¯cycle factors through GF → G¯ab ≃ Z/2.
Then for any n ≥ 1, there is an element Q ∈ XD which satisfies the following conditions.
(1) For v ∈ Q, v is of degree one, and qv ≡ 1 mod ℓn holds.
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(2) The restriction map
H1D∗(F, ad
0 ρ¯(1)) −→
⊕
v∈Q
H1f (Fv, ad
0 ρ¯(1))
is bijective. In particular the kernel H1
D∗Q
(F, ad0 ρ¯(1)) vanishes.
Proof of Lemma 9.15. Fix an integer n ≥ 1. We apply Proposition 9.6, and Corollary 9.12.
We take χ¯cycle as µ. Let F be the number field in consideration, F
′ the n-th layer of the
cyclotomic Zℓ-extension of F , M = ad
0 ρ¯(1), H = ker µ. Since F ′/F is an ℓ-extension, µ|F ′
has the same order as µ.
Let x be a non-zero cohomology class in H1
D∗
(F, M), which is not exceptional for (M,H)
over F . First we show that x is not exceptional for (M,H) over F ′. Since Gal(F ′/F ) is a
cyclic group of ℓ-power order, ρ|GF ′ remains absolutely irreducible by Lemma 9.5, (1), and
hence H0(F ′, M) = {0}, and the restriction xF ′ of x is non-zero. If xF is exceptional, by
Proposition 9.6, ℓ = 5 and the projective image of ρ¯|GF ′ is isomorphic to PGL2(F5) and µ|H
factors through PGL2(F5)ab. By Lemma 9.5, (2), the projective image of ρ is isomorphic
to PGL2(F5), and hence x is exceptional over F .
So the condition (1) of Corollary 9.12 is satisfied. For the condition (2) of Corollary 9.12,
for any irreducible subspace N , we take gN as the image of an element σ given by Lemma
9.2 in the non-dihedral case (F ′/F is a cyclic extension), and by Lemma 9.4 in the dihedral
case (the restriction of ρ¯ to F ′(ζℓ) is absolutely irreducible by the assumption on ρ¯ and
Lemma 9.5, (1)).
Thus Corollary 9.12 is applied, and we have a degree 1 place v of F such that v splits
completely in F ′, the image of Frv in GF belongs to GF ′ ∩ H, the restriction of x to
H1f (Fv ,M) is non-zero, and ad
0 ρ¯(Frv), and hence ρ¯(Frv), are regular and semi-simple.
Since v splits completely in F ′ and µ(Frv) = 1, qv ≡ 1 mod ℓn.
dimkλ H
1
f (Fv , M) = 1 because ρ¯(Frv) is a regular semi-simple element in GL2(kλ). Then
the image of x under the restriction map
H1D∗(F, M) −→ H1f (Fv , M)
spans H1f (Fv , M). Continuing successively by taking a non-zero element in the kernel
which is not exceptional for (M,H), we have a finite set Q which belongs to XD , such that
H1D∗(F,M) −→
⊕
v∈Q
H1f (Fv, M)
is surjective, and the kernel consists of classes which are exceptional for (M,H) over F . We
have excluded the exceptional case, so we finish the proof.

10. Congruence modules
We calculate the cohomological congruence modules made from modular varieties. For
elliptic modular curves and constant sheaves, the idea is due to Ribet [38]. In [51], §2 this
is generally discussed, to reduce the estimate of the Selmer group to the minimal case.
We proceed in the same way as in [51], assuming cohomological universal injectivity in the
Shimura curve case.
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10.1. Dual construction. For an absolutely irreducible representation ρ¯ and a deforma-
tion type D , we define an RD -module MˆD = MD ⊕MopD which contains MD as a direct
summand.
In general, for a Galois representation ρ : GF → GL2(A), we define ρop as
ρop = ρ∨(−1) = (detρ)−1 · ρ(−1).
It is easily checked that (ρop)op = ρ, and for a place v ∤ ℓ where ρ is unramified,{
traceρop(Frv) = qv · (detρ(Frv))−1 · traceρ(Frv)
detρop(Frv) = q
2
v · (detρ(Frv))−1
hold.
We fix a discrete infinity type (k,w). For a deformation type D of ρ¯, MD is regarded as
a submodule of H
qρ¯
stack(SK , F¯(k,w)) as in §7.4.
Mop
D
= HomoD (MD , oD )
is regarded as a submodule of H
qρ¯
stack(SK , F¯(k,−w))(qρ¯) by Poincare´ duality discussed in §4.3.
We define the deformation type Dop for ρ¯op. The deformation functions and the coeffi-
cient rings are the same for D and Dop. At v|ℓ, the nearly ordinary type (resp. flat twist
type) of Dop is (detρ¯)−1lift|Fv · κD,v(−1), where κD,v is the nearly ordinary type (resp. flat
twist type) of D .
The K-type for ρ¯op and Dop at a finite place v is the same as that of ρ¯ except for the
K-character. The K-character is defined as
νdefDop (ρ¯|Fv) = νdefD (ρ¯|Fv)−1.
Thus we have the ℓ-adic Hecke algebra TDop and TDop -module MDop for ρ¯
op.
Proposition 10.1. (1) Mop
D
is canonically isomorphic to the module associated to ρ¯op
of deformation type Dop.
(2) There is an oD -algebra isomorphism TD ≃ TDop between the ℓ-adic Hecke algebras
attached to ρ¯ and ρ¯op, which maps Tv to T
−1
v,v · Tv, Tv,v to T−1v,v for v 6∈ ΣD .
Proof of Proposition 10.1. The compatibility of standard Hecke operators Tv and Tv,v fol-
lows from Proposition 4.7. One also checks the compatibility of for U˜(pv) and U˜(pv, pv)-
operators under Poincar’e duality. 
By Proposition 10.1, MˆD = MD ⊕MopD is regarded as a TD -module, and self-dual as a
TD -module. Thus MˆD has a pairing
〈 , 〉D : MˆD × MˆD −→ oD
which induces MˆD ≃ HomoD (MˆD , oD ) as TD -modules.
10.2. Congruence modules (I). For a division quaternion algebra D as in §4.3, we as-
sume that D is split at all v|ℓ. For an F -factorizable compact open subgroupK of GD(AQ,f)
and a finite set Σ of finite places which contains ΣK , take v 6∈ Σ such that
Kv = GL2(oFv )
ℓ = the inverse image of ∆v by GL2(oFv )
det→ o×Fv → k(v)×.
Consider two degeneracy maps pr1, pr2 : SK∩K0(v) → SK defined in §5.3, and
ϕ(k,w) : H
qD(SK , F¯(k,w))
⊕2 pr
∗
1 +pr
∗
2−→ HqD(SK∩K0(v), F¯(k,w)).
is the map considered there. When qD = 0, ϕ(k,w) is universally injective, that is, injective
and the image is an oEλ-direct summand up to the modules of residual type (with respect
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to the action of the convolution algebra HΣ). If qD = 1, ϕ(k,w) satisfies the same properties
under Hypothesis 5.9.
By taking the dual of ϕ(k,−w) induced by Poincare´ duality, with appropriate Tate twists,
we have
ϕ˜(k,w) : H
qD(SK∩K0(v), F¯(k,w))
ϕ∨
(k,−w)
(−qD)−→ HqD(SK , F¯(k,w))⊕2.
By the construction of duality pairing, ϕ˜(k,w) is the map (pr1)! + (pr2)! obtained from the
trace map. The following lemma is originally due to Ribet [39].
Lemma 10.2. Assume that the v-type is ((2, . . . , 2), 0) if v|ℓ. Then
ϕ˜(k,w) ◦ ϕ(k,w)(HqD(SK , F¯(k,w))⊕2) = (U(pv)2 − Tv,v)HqD(SK , F¯(k,w))⊕2
holds up to the modules of residual type (Hypothesis 5.9 is unnecessary for this statement).
Proof of Lemma 10.2. First we calculate ϕ˜(k,w) ◦ ϕ(k,w) explicitly.
(∗) ϕ˜(k,w) ◦ ϕ(k,w) =
(
1 + qv Tv
T−1v,v · Tv 1 + qv
)
Here the multiplication is on the left. (∗) is seen as follows. By Proposition 5.5, the
localization of HqD(SK , F¯(k,w))
⊕2 at some maximal ideal of HK which is not of residual
type is oEλ-free, so it suffices to check (∗) after tensoring with Eλ.
Take an element
(
f1
f2
)
∈ HqD(SK , F¯(k,w),Eλ)⊕2. Then
ϕ˜(k,w) ◦ ϕ(k,w)
(
f1
f2
)
= (pr1)! pr
∗
1 f1 + (pr2)! pr
∗
1 f1 + (pr1)! pr
∗
2 f2 + (pr2)! pr
∗
2 f2
= (qv + 1)f1 + T
−1
v,v f1 + Tvf2 + (qv + 1)f2.
Here we have used that (pr1)! pr
∗
2 = Tv, and (pr2)! pr
∗
1 is the dual correspondence T
−1
v,v · Tv.
Thus (∗) is shown.
Similarly, we have
Uv ◦ ϕ(k,w) = ϕ(k,w) ◦
(
0 −Tv,v
qv Tv
)
,
(U2v − Tv,v) ◦ ϕ(k,w) =
(−Tv,v 0
Tv −Tv,v
)
◦ (ϕ˜(k,w) ◦ ϕ(k,w)).

Consider an absolutely irreducible representation ρ¯ with a deformation type D . We
assume that the deformation function satisfies defD (v) = n.o.f .. Let D
′ be the deformation
type of ρ¯ which has the same data as D except the deformation function defD ′ . defD ′(v) =
n.o., and defD ′ takes the same value as defD at the other places.
We have defined TD and TD ′-modules MD and MD ′ .
We show that there is a canonical surjective homomorphism β : TD ′ → TD and TD ′-
homomorphism
ξ : MD −→MD ′ ,
with the calculation of the congruence modules. We may assume that the v-type satisfies
(kv, w) = ((2, . . . , 2), w) by our assumption 6.11, and hence w is even. We may twist F¯(k,w)
by N
w
2
D/F , and assume that w = 0.
We use the same notation as in §7.4. In particular we make a choice of an auxiliary place
y and a set of finite places S to make compact open subgroups in consideration small.
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For K = ker νDy |K˜Dy , there is a canonical map
(†1) Hqρ¯stack(SK , F¯(k,w))⊕2 −→ H
qρ¯
stack(S(Kv∩K0(mv))·Kv , F¯(k,w))
induced by the degeneracy maps. For Σ′ = ΣD ′y ∪ S = ΣDy ∪ S ∪ {v}, let m˜Σ′,ρ¯ be the
maximal ideal of HKΣ′ = H(GD(AQ,f),K
Σ′)oD corresponding to ρ¯.
We localize (†1) at m˜Σ′,ρ¯, and take the part where K˜D ′y acts via νD ′y . Thus we have an
injective oD -homomorphism
(†2) (M˜yDy )⊕2 −֒→ M˜
y
D ′y
.
Let T˜ ß
D
(resp. T˜ ß
D ′
) be the image of HKΣ in EndoDM˜
y
Dy
(resp. EndoDM˜
y
D ′y
). In the case
of n.o.f., U˜(pv) = U(pv)-operator on the right hand side of (†2) satisfies the relation
U2 − Tv · U + qvTv,v = 0,
over T˜ ß
D
, since U(pv) is given by (
Tv −Tv,v
qv 0
)
as in Lemma 10.2. Let A = T˜ ß
D
[U ]/(U2 − Tv · U + qvTv,v). A acts faithfully on (M˜yDy )⊕2,
where U acts as U(pv). Then (†2) is compatible with the action of Hecke algebras (including
U(pv)-operator), we have a canonical surjective homomorphism
T˜ ßD ′ [U(pv)]։ A.
Since defD ′(v) = n.o., there is only one non-zero root of (†3) mod m˜ßDy , which defines a
maximal ideal mA of A. The localization AmA is isomorphic to T
ß
D
, and ((M˜y
Dy
)⊕2)mA ≃
M˜y
Dy
.
By Theorem 7.18, there is a maximal ideal ideal m˜′ of T˜ ß
D ′
[U(pv)], and the localization
(T˜ ß
D ′
[U(pv)])m˜′ is equal to TD ′ . Evidently m˜
′ is above mA since the condtion at v is n.o. or
n.o.f ., and Am˜′A ≃ TDy .
Thus we have
β : TD ′
∼−→ TD ′y −→ TDy
∼−→ TD ,
using Proposition 7.12. Moreover,
ξ :MD −→MD ′
is induced by localization at m˜′. By applying this result to ρ¯op and Dop, we have a TD ′-
homomorphism
ξˆ : MˆD −→ MˆD ′ ,
and we view the dual (ξˆ)∨ : MˆD ′ → MˆD also as a TD ′-homomorphism. The restriction of
(ξˆ)∨ to MD is ξ
∨ by the construction.
Proposition 10.3. Let ρ¯ be an absolutely irreducible representation with a deformation
type D which satisfies defD (v) = n.o.f . at v|ℓ. Let D ′ be the deformation type of ρ¯ which
has the same data as D , and the deformation function defD ′ satisfies defD ′(v) = n.o., and
takes the same value as defD other than v.
(1) There is a surjective homomorphism β : TD ′ → TD , and for the canonical map
ξ :MD →MD ′ ,
ξ∨ ◦ ξ(MD ) = ∆ ·MD , ∆ = U˜(pv)2 − U˜(pv, pv).
Here ξ∨ :MD ′ →MD is the map defined by self-duality pairings 〈 , 〉D and 〈 , 〉D ′ .
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(2) Similarly, we have
(ξˆ)∨ ◦ ξˆ(MˆD ) = ∆ · MˆD .
Here ∆ is the same as in (1).
(3) Assume Hypothesis 5.9 if qρ¯ = 1. Then ξˆ(MˆD ) is an oD -direct summand of MˆD ′ .
Proof of Proposition 10.3. (1) follows from Lemma 10.2, since ξ∨|M
D′
defined by the self-
duality of MˆD ′ is equal to the map deduced from ϕ˜(k,w). For (2), we should check that the
element U˜(pv)
2−U˜(pv, pv) in TDop generate the same ideal as generated by U˜(pv)2−U˜(pv, pv)
in TD by the isomorphism TD ≃ TDop . This follows from the equality U˜(pv)2 − U˜(pv, pv) =
U˜(pv, pv)
2((U˜(pv, pv)
−1U˜(pv))
2 − U˜(pv, pv)−1).
(3) is clear from the definition of ξ. 
10.3. Congruence modules (II). From now on, we assume that the deformation type D
of ρ¯ satisfies defD(v) = f . Let D
′ be the deformation type of ρ¯ which has the same data
as D except for the deformation function defD ′ . defD ′(v) = u, and defD ′ takes the same
value as defD at the other places.
In this subsection, we assume moreover that ρ¯ is either of type 1SP or 1PR at v.
Let D be a division algebra with qD ≤ 1, K an F -factorizable compact open subgroup
of GD(AQ,f), and for a place v ∤ ℓ and an integer c ≥ 1, we assume that Kv = K1(mcFv) ∩
GL2(oFv)
ℓ in the notation of §10.2. The degeneracy maps define
ξ1,(k,w) : H
qD(SK , F¯(k,w))
⊕2 pr
∗
1 +pr
∗
2−→ HqD(SK∩K0(vc+1), F¯(k,w)).
Note that ξ1,(k,w) may not be injective, even on the part which is not of residual type.
ξ∨1,(k,w) is defined similarly as in §10.2. Then, as in the proof of Lemma 10.2, we have
(∗) (ξ1,(k,w))∨ ◦ ξ1,(k,w) =
(
qv U(pv)
U(pv, pv)
−1 · U(pv) qv
)
.
Let τ(k,w) : H
qD(SK , F¯(k,w))→ HqD(SK , F¯(k,w))⊕2 be the map defined by
τ(k,w) : c 7−→
( −qv
U(pv, pv)
−1 · U(pv)
)
· c.
By (∗),
τ∨(k,−w) ◦ ξ∨1,(k,w) ◦ ξ1,(k,w) ◦ τ(k,w) =
(−qv U(pv)) · (U(pv, pv)−1 · U(pv)2 − q2v0
)
= −qv(U(pv, pv)−1 · U(pv)2 − q2v).
Since we allow the unrestricted condition on the determinant when defD ′ = u, we need
to discuss the passage from K0(m
c+1
v ) ∩GL2(oFv)ℓ to K1(mc+1v ).
We define ∆K,v as the quotient of ∆v by the image of Z(F ) ∩K. Then
π : SK1(mc+1Fv )·K
v −→ SK∩K0(vc+1)
is a ∆K,v-torsor, and the composition
HqD(SK∩K0(vc+1), F¯(k,w))
π∗−→ HqD(SK1(mc+1Fv )·Kv , F¯(k,w))
π!−→ HqD(SK∩K0(vc+1), F¯(k,w))
induced by the trace map is the multiplication by ♯∆K,v.
Thus we have
Lemma 10.4. Assume that v ∤ ℓ.
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(1) We obtain
τ∨(k,−w)◦ξ∨1,(k,w)◦ξ1,(k,w)◦τ(k,w)(HqD(SK , F¯(k,w))) = (U(pv, pv)−1·U(pv)2−q2v)HqD(SK , F¯(k,w))
up to the modules of residual type.
(2) The equality
τ∨(k,−w) ◦ ξ∨1,(k,w) ◦ π! ◦ π∗ ◦ ξ1,(k,w) ◦ τ(k,w)(HqD(SK , F¯(k,w)))
= ♯∆K,v · (U(pv, pv)−1 · U(pv)2 − q2v)HqD(SK , F¯(k,w))
holds up to the modules of residual type.
We apply the result to K = ker νDy |K˜Dy . Recall that we assume that ρ¯ is of type 1SP or
1PR. Let c = c(ρ¯) be the integer ≥ 1 defined in §3.6. To define β : TD ′ → TD in this case,
A = T˜ ßD [U(pv)][U ]/(U(U − U(pv))).
The A-action on H
qρ¯
stack(SK , F¯(k,w))
⊕2 is given by
U 7−→
(
U(pv) qv
0 0
)
.
A direct calculation in this case shows that this U -action is compatible with the U(pv)-
action on Hqρ¯(SK1(mc+1Fv )·K
v , F¯(k,w)), and A is regarded as a T˜
ß
D ′
[U(pv)]-algebra.
By the same argument as in the case of n.o.f ., there is a maximal ideal m˜′ of T˜ ß
D ′
[U(pv)],
and the localization (T˜ ß
D ′
[U(pv)])m˜′ is equal to TD ′ . Since defD ′(v) = u, mA = m˜
′A contains
U , and the localization AmA at mA is isomorphic to TDy (though we have omitted U(pv)-
operator in the definition of TDy , by Proposition 7.26 it is recovered from ρ
mod
D
). Thus we
have a surjective homomorphism β : TD ′ → TD .
Then ξ1,(k,w) becomes injective on the localization by mS by the cohomological universal
exactness (Proposition 5.13 with n = c), since there is no contribution from
H
qρ¯
stack(S(GL2(oFv )ℓ∩K1(m
c−1
Fv
)·Kv , F¯(k,w)) as c = c(ρ¯) is the conductor of GFv -representation
ρ¯|Fv ⊗ κ¯−1v and the level can not be smaller. It also follows that the image of ξ1,(k,w) is an
oλ-direct summand after localization. After localization at mA, τ(k,w) is an isomorphism,
and π is universally injective by Proposition 5.8.
Thus we have a TD ′-homomorphism
ξ = (π ◦ ξ1,(k,w) ◦ τ(k,w))mA :MD −→MD ′ .
As for the calculation of the congruence module, we treat the 1SP -case first. Since all
representations which contributes to TD are special representations at v, U(pv)
2 = U(pv, pv)
holds in AmA . By Lemma 10.4, we have
Proposition 10.5. Assume that ρ¯ is of type 1SP at v, and defD (v) = f .
(1) There is a surjective homomorphism β : TD ′ → TD , and for the canonical map
ξ :MD →MD ′ ,
ξ∨ ◦ ξ(MD ) = ∆ ·MD , ∆ = ♯(ker(CF,Pu
D′
,ℓ → CF,Pu
D
,ℓ)) · (q2v − 1).
Here, ξ∨ : MD ′ →MD is the map defined by Poincare´ duality.
(2)
(ξˆ)∨ ◦ ξˆ(MˆD ) = ∆ · MˆD .
Here, ∆ is the same as in (1).
(3) ξˆ(MˆD ) is an oD-direct summand of MˆD ′ .
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Next we treat the 1PR-case. Since
U(pv)
2 = qv · U(pv, pv)
holds in AmA , by Lemma 10.4, we obtain
Proposition 10.6. Assume that ρ¯ is of type 1PR at v, and defD (v) = f .
(1) There is a surjective homomorphism β : TD ′ → TD , and for the canonical map
ξ :MD →MD ′ ,
ξ∨ ◦ ξ(MD ) = ∆ ·MD , ∆ = ♯(ker(CF,Pu
D′
,ℓ → CF,Pu
D
,ℓ)) · (qv − 1).
Here, ξ∨ : MD ′ →MD is the map defined by Poincare´ duality.
(2)
(ξˆ)∨ ◦ ξˆ(MˆD ) = ∆ · MˆD .
Here, ∆ is the same as in (1).
(3) ξˆ(MˆD ) is an oD-direct summand of MˆD ′ .
10.4. Congruence modules (III). In this subsection, we treat the 2PR-case.
For a division quaternion algebra D with qD ≤ 1, assume that K is an F -factorizable
small compact open subgroup of GD(AQ,f), and Kv = GL2(oFv )
ℓ in the notation of §10.2
at v ∤ ℓ. We denote pr1, pr2 : SK∩K0(v) → SK the degeneracy maps defined in §5.1. Here
pr1 corresponds to the standard inclusion of the groups. pr3, pr4 : SK∩K0(v2) → SK∩K0(v2)
are two degeneracy maps defined similarly.
By Proposition 5.13 with n = 1,
0 −→ HqD(SK , F¯(k,w))
(pr∗2, − pr
∗
1)−→ HqD(SK∩K0(v), F¯(k,w))⊕2
(pr∗3, pr
∗
4)−→ HqD(SK∩K0(v2), F¯(k,w))
is universally exact up to the modules of residual type (in Proposition 5.13, it is stated for
K11-structure, but the above cohomology groups with K0-structure is obtained by taking
the invariants of a subgroup of k(v)× × k(v)× by using Lemma 5.4). By using Theorem
5.10 when qρ¯ = 0, and Hypothesis 5.9 when qρ¯ = 1, the homomorphism
HqD(SK , F¯(k,w))
⊕3 ξ2,(k,w)−→ HqD(SK∩K0(v2), F¯(k,w))
is universally injective up to the modules of residual type. Here ξ2,(k,w) = (pr1 ◦pr3)∗ ×
(pr2 ◦pr3)∗ × (pr2 ◦pr4)∗. We define ξ∨2,(k,w) similarly as in §10.2.
The morphism
π : SK1(m2Fv )·K
v −→ SK∩K0(v2)
defined in §10.2 is a ∆K,v-torsor, and the composition
HqD(SK∩K0(v2), F¯(k,w))
π∗→ HqD(SK1(m2Fv )·Kv , F¯(k,w))
π!→ HqD(SK∩K0(v2), F¯(k,w))
induced by the trace map is the multiplication by ♯∆K,v. Thus we have
Lemma 10.7. Assume that v ∤ ℓ.
(1) We obtain
ξ∨2,(k,w) ◦ ξ2,(k,w) (HqD(SK , F¯(k,w))⊕3) = (qv − 1)(T 2v − Tv,v(1 + qv)2)HqD(SK , F¯(k,w))⊕3
up to the modules of residual type.
(2) The equality
ξ∨2,(k,w)◦π!◦π∗◦ξ2,(k,w) (HqD(SK , F¯(k,w))⊕3) = ♯∆K,v·(qv−1)(T 2v−Tv,v(1+qv)2)HqD(SK , F¯(k,w))⊕3
holds up to the modules of residual type.
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This is shown as in [51], proposition 2.6 by 3 × 3-matrix calculation. So we omit the
details.
To define β : TD ′ → TD , we discuss as in §10.2, by taking an auxiliary place y and a set
S. K = ker νDy |K˜Dy . For the homomorphism ξ˜ and T˜
ß
D
-algebra A defined by
ξ˜ = π∗ ◦ ξ2,(k,w) : Hqρ¯stack(SK , F¯(k,w))⊕3
ξ2,(k,w)−→ Hqρ¯stack(SK∩K0(v2), F¯(k,w))
π∗−→ Hqρ¯stack(SK∩K1(v2), F¯(k,w))
and
A = T˜ ßD [U ]/(U(U
2 − TvU + qvTv,v)),
we give the A-action on H
qρ¯
stack(SK , F¯(k,w))
⊕3 byTv −Tv,v 0qv 0 0
0 qv 0
 .
One checks that the action of U is the restriction of U(pv)-action on H
qρ¯
stack(SK , F¯(k,w))
⊕3.
As in §10.2, there is a maximal ideal m˜′ of T˜ ß
D ′
[U(pv)], and the localization (T˜
ß
D ′
[U(pv)])m˜′
is equal to TD ′ by using Proposition 7.26 and Theorem 7.18.
Since defD ′(v) = u,mA = m˜
′A contains U , and the localization AmA atmA is isomorphic
to TD . Thus we have β : TD ′ → TD , and a TD ′-homomorphism ξ :MD →MD ′ by localizing
ξ˜.
Proposition 10.8. Assume that ρ¯ is of type 2PR at v, and defD (v) = f .
(1) There is a surjective homomorphism β : TD ′ → TD , and for the canonical map
ξ :MD →MD ′ ,
ξ∨ ◦ ξ(MD ) = ∆ ·MD ,
∆ = ♯(ker(CF,Pu
D′
,ℓ → CF,Pu
D
,ℓ)) · (qv − 1) · (T 2v − Tv,v(1 + qv)2).
Here ξ∨ : MD ′ →MD is the map defined by Poincare´ duality.
(2) The equality
(ξˆ)∨ ◦ ξˆ(MˆD ) = ∆ · MˆD
holds. Here, ∆ is the same as in (1).
(3) ξˆ(MˆD ) is an oD-direct summand of MˆD ′ under Hypothesis 5.9 if qρ¯ = 1.
10.5. Congruence modules (IV). Finally, we treat the cases of 0NE and 0E .
In the case of 0NE , for K = ker νDy |K˜Dy and c = c(ρ¯) = Artρ¯|Fv , we consider the
morphism
π : SK1(mcFv )·K
v −→ SK∩K0(vc)
defined in §10.2 is a ∆K,v-torsor, and the composition
HqDstack(SK∩K0(vc), F¯(k,w))
π∗−→ HqDstack(SK1(mcFv )·Kv , F¯(k,w))
π!−→ HqDstack(SK∩K0(vc), F¯(k,w))
induced by the trace map is the multiplication by ♯∆K,v in the notation of §10.3.
In the case of 0E , for K = ker νDy |K˜
D′y
and K ′ = ker νDy |K˜Dy ,
π : SK ′ −→ SK
is a torsor under ∆˜v. Here ∆˜v is the ℓ-Sylow subgroup of Fq2v ≃ oDFv /mDFv (since qv ≡ −1
mod ℓ and ℓ ≥ 3, ∆K,v is trivial). The composition
HqDstack(SK , F¯(k,w))
π∗−→ HqDstack(SK ′ , F¯(k,w))
π!−→ HqDstack(SK , F¯(k,w))
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induced by the trace map is the multiplication by ♯∆˜v.
Thus we have
Proposition 10.9. Assume that ρ¯ is either of type 0E or type 0NE at v, and defD (v) = f .
(1) There is a surjective homomorphism β : TD ′ → TD , and
ξ∨ ◦ ξ(MD ) = ∆ ·MD .
Here ξ the canonical map MD → MD ′ , ∆ = ♯(ker(CF,Pu
D′
,ℓ → CF,Pu
D
,ℓ)) (resp. ♯∆˜v)
if ρ¯ is of type 0NE (resp. 0E) at v.
(2) The equality
(ξˆ)∨ ◦ ξˆ(MˆD ) = ∆ · MˆD
holds. Here, ∆ is the same as in (1).
The analysis of 0E-case was treated in [13], and by Diamond [9] with applications to
deformation rings in the case where F = Q.
11. The main theorem
In this section, we generalize the results of [51] and [9].
Theorem 11.1. (R = T theorem) Let F be a totally real number field of degree d, ρ¯ :
GF → GL2(k) an absolutely irreducible mod ℓ-representation. We fix a deformation type
D , and assume the following conditions.
(1) ℓ ≥ 3, and ρ¯|F (ζℓ) is absolutely irreducible. When ℓ = 5, the following case is
excluded: the projective image G¯ of ρ¯ is isomorphic to PGL2(F5), and the mod ℓ-
cyclotomic character χ¯cycle factors through GF → G¯ab ≃ Z/2 (in particular [F (ζ5) :
F ] = 2).
(2) For v|ℓ, the deformation condition for ρ¯|GFv is either nearly ordinary or flat. When
the condition is nearly ordinary (resp. flat) at v, we assume that ρ¯|GFv is GFv -
distinguished (resp. Fv is absolutely unramified).
(3) There is a minimal modular lifting π of ρ¯ in Definition 6.11.
(4) Hypothesis 6.7 is satisfied.
(5) If D is not minimal, we assume Hypothesis 5.9 when qρ¯ = 1.
Then the universal deformation ring RD of ρ¯ of type D is of relative complete intersection
of dimension zero over oD , and is isomorphic to the Hecke algebra TD .
We prove the following theorem at the same time.
Theorem 11.2. (Freeness theorem) Under the same assumptions as Theorem 11.1, MD
and MˆD are free RD-modules.
Proof of Theorem 11.1 and 11.2. Two theorems are already shown in §9 when D is minimal
by using the Taylor-Wiles system constructed in §8. We make the reduction to the minimal
case by the level-raising formalism developped in §2.
For a given deformation type D , assume that πD : RD ≃ TD , TD is a local complete
intersection, and MˆD is TD -free. In the terminology of Definition 2.7, the admissible quintet
(RD , TD , πD , MˆD , 〈 , 〉D ) is distinguished.
Take a finite place v, and assume that defD (v) ∈ {n.o.f ., f}. In case of n.o.f ., we twist
by χ
−w
2
cycle, and assume that w = 0.
Let D ′ be the deformation type of ρ¯ which has the same data as D except the deformation
function defD ′ . defD ′(v) > defD (v), and defD ′ takes the same value as defD at the other
places.
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We take a cuspidal representation π corresponding to a component of TD . By extending
ED by taking an extension of scalars if necessary, we may assume that πf is defined over ED .
π defines an oD -homomorphism f : TD → oD , and a GF -representation ρ : GF → GL2(oD )
of type D .
In §10, we have defined an admissible morphism
(RD ′ , TD ′ , πD ′ , MˆD ′ , 〈 , 〉D ′) −→ (RD , TD , πD , MˆD , 〈 , 〉D )
in the sense of Definition 2.7 under Hypothesis 5.9. The morphism commutes with scalar
extension oD → oλ, and the property of being distinguished is preserved under the scalar
extension.
We apply Theorem 2.8. First we check that ∆ given in §10 is a non-zero divisor. In the
cases of 1SP 1PR, 0E and 0NE , this is clear. We consider the n.o.f . and 2PR-cases. Let π be
a cuspidal representation of GL2,F appearing in the component of TD . Then πv belongs to
principal series by the definition of TD . Let χ1,v and χ2,v be two quasi-characters such that
πv is isomorphic to π(χ1,v, χ2,v). We define αv = χ1,v(pv), βv = χ2,v(pv) for a uniformizer
pv of Fv . By the next lemma, αv 6= q±1v βv for any π, and hence ∆ is a non-zero divisor.
Lemma 11.3. For any cuspidal representation π of GL2,F of a totally real field F with
the infinity type (k,w), if πv belongs to principal series, αv 6= q±1v βv for the pair (αv , βv)
defined as above.
Proof of Lemma 11.3. Let πu = π⊗|·|w+12 . πu is a unitary cuspidal representation of GL2,F
by our normalization. By taking the base change lift πu,F ′ = BC(πu) of πu with respect to
some abelian extension F ′/F [30], one may assume that πu,F ′ has a spherical component
(πu,F ′)v′ at a place v
′|v. So it suffices to see αv′ 6= q±1v′ βv′ for the Satake parameter of
(πu,F ′)v′ . Since (πu,F ′)v′ is unitary, by [28], 2.5, Corollary, |αv′ |, |βv′ | < q
1
2
v′ . So the equality
αv′ = q
±1
v′ βv′ does not hold. 
By Proposition 3.39,
HomoD (ker fRD/(ker fRD )
2, ED/oD ) = SelD (F, ad ρ)
and
HomoD (ker fRD′/(ker fRD′ )
2, ED/oD ) = SelD ′(F, ad ρ)
hold. Since we assume that RD ≃ TD , ker fRD/(ker fRD )2 = ker f/(ker f)2, and the finite-
ness of SelD (F, ad ρ) follows since TD is reduced. So the assumptions of level raising
formalism (Theorem 2.8) is satisfied if we check
lengthoDSelD ′(F, ad ρ) ≤ lengthoDSelD (F, ad ρ) + lengthoDoD/f(∆)oD
for the element ∆ of TD given in §10.
If defD (v) 6= n.o.f ., by Lemma 3.37,
lengthoDSelD ′(F, ad ρ) ≤ lengthoDSelD (F, ad ρ) + lengthoDH0(Fv , ad ρ(1)⊗oD ED/oD ),
and it suffices to see
lengthoDH
0(Fv , ad ρ(1)⊗oD ED/oD ) = lengthoDoD/f(∆)oD .
This is a consequence of Proposition 10.5, 10.6, 10.8, and 10.9.
If defD (v) = n.o.f ., one uses Lemma 3.36 and Proposition 10.3, and the inequality
follows.
Thus we have shown that (RD ′ , TD ′ , πD ′ , MD ′ , 〈 , 〉D ′) is distinguished under the as-
sumption that (RD , TD , πD , MD , 〈 , 〉D ) is distinguished by Theorem 2.8. Starting from
the minimal case D = Dmin (Theorem 9.1), we raise the level place by place by enlarging
D , and the general case is shown. 
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Corollary 11.4. Under the same assumption as in 11.1, the Selmer group SelD (F, ad ρ)
of ρ = ρπ,Eλ for π appearing in TD is finite.
This is a consequence of the reducedness of TD .
Theorem 11.1 and 11.2 can be applied to the nearly ordinary Hecke algebra of Hida.
Let D be a deformation type of ρ¯ as in Theorem 11.1. For P = def−1
D
({n.o.}), let (o×Fv)ℓ
be the pro-ℓ completion of o×Fv , X
loc
n.o. =
∏
v∈P (o
×
Fv
)ℓ. We define the deformation type D
n.o.
in the following way.
• The deformation function of Dn.o. is the same as that of D .
• The coefficient ring oDn.o. of Dn.o. is oD [[X locn.o.]].
• At v ∈ Pn.o., the nearly ordinary type is
κD,v · µv : (IabFv )GFv ≃ o×Fv −→ o×Dn.o. .
Here, κD,v is the neary ordinary type of D , and µv : o
×
Fv
→ (oD [[o×Fv,ℓ]])× → o×Dn.o.
is the universal character. The flat twist type is the same as D , by regarding it as
a character with values in o×
Dn.o.
.
Let RDn.o. be the universal deformation ring of ρ¯ of type D
n.o.. RDn.o. is an oDn.o. -algebra.
Since any deformation of type D is a deformation of type Dn.o., there is a natural surjective
map
fD : RDn.o. −→ RD ,
and fD induces an isomorphism
RDn.o./I
n.o.RDn.o.
∼−→ RD .
Here, In.o. is the augumentation ideal of oDn.o. .
Corollary 11.5. Assumptions are as in Theorem 11.1. Assume moreover that there is an
RDn.o.-module MDn.o. which has the following properties:
(1) MDn.o. is a free oDn.o.-module.
(2) MDn.o./I
n.o.MDn.o.
∼→MD as an RD -module.
(3) Let TDn.o. be the image of RDn.o. in EndoDn.o. (MDn.o.). Then TDn.o. is reduced, and
MDn.o. is generically free of the same rank as the RD -rank of MD (MD is RD -free
by Theorem 11.2).
Under these assumptions, RDn.o.
∼→ TDn.o. , RDn.o. is of relative complete intersection of
dimension zero over oDn.o. , and MDn.o. is a free RDn.o.-module.
Proof of Corollary 11.5. Let α be the RD -rank of MD . By (2) and Nakayama’s Lemma,
there is a surjection β : T⊕α
Dn.o.
։ MDn.o. . By (3), β is an isomorphism generically, and
hence is injective by the reducedness of TDn.o. . By (1), TDn.o. is oDn.o. -free.
Let J be the kernel of RDn.o. ։ TDn.o. . Since TDn.o. is oDn.o. -free,
0 −→ J/In.o.J −→ RDn.o./In.o.RDn.o. γ−→ TDn.o./In.o.TDn.o. −→ 0
is exact. γ is an isomorphism by Theorem 11.1. Thus J = 0 by Nakayama’s lemma, and
RDn.o.
∼→ TDn.o. holds. Since RDn.o. is oDn.o.-finite flat and RDn.o./In.o.RDn.o. is of relative
complete intersection of dimension zero over oDn.o./I
n.o. = oD , RDn.o. is of relative complete
intersection of dimension zero over oDn.o. . 
Using the results in §5 and the perfect complex argument, the existence of TDn.o. and
MDn.o. as in Corollary 11.5 is shown (exact control theorem). If defD (v) = n.o. for any v|ℓ,
TDn.o. is the nearly ordinary Hecke algebra of Hida.
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